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Abstract. We introduce a type of Riemannian geometry in nine dimen- 
sions, which can be viewed as the counterpart of selfduality in four dimen- 
sions. This geometry is related to a 9-dimensional irreducible representation 
of SO (3) X SO (3) and it turns out to be defined by a differential 4- form. 
Structures admitting a metric connection with totally antisymmetric torsion 
and preserving the 4-form are studied in detail, producing locally homogeneous 
examples which can be viewed as analogs of self-dual 4-manifolds in dimension 
nine. 
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1. Introduction 

The special feature of 4 dimensions is that the the rotation group SO (4) is not 
simple but it is locally isomorphic to SU(2) x SU(2), since so(4) — su(2)i 0su(2)ij;. 

Given an oriented 4-dimensional Riemannian manifold {M'^,g), the Hodge-star- 
operator * : — 7> satisfies *^ = id and the bundle of 2-forms A^ splits as: 

(1.1) A2 = A^ffiA^, 

where A^ is the space of self-dual forms and A^ is the one of anti-self-dual forms. 



Date: September 14, 2011. 

This reaserch was supported by the Polish Ministry of Research and Higher Education under 
grants NN201 607540 and NN202 104838, by the MIUR project Diff'erential Geometry and Global 
Analysis (PRIN07) and by GNSAGA (Indam). 



2 



ANNA FIND AND PAWEL NUROWSKI 



The Riemann curvature tensor defines a self-adjoint transformation 7?. : — > 
which can be written, with respect to the decomposition as the block matrix 

n=( ^ 

\ B* C J ' 

where B G Hom(A^, A^) and A g EndA^, C € EndA^ are self-adjoint. 

This decomposition of TZ gives the complete description of the Riemannian cur- 
vature tensor into irreducible components obtained in jTB] : 

(^trA,B,A~hrA,C^hrC^ , 

where tr A = tr C is the Ricci scalar, B is the traceless Ricci tensor, and the last two 
components W+ —A— \tr A and W- = C — |trC, together give the conformally 
invariant Weyl tensor W = W+ + VF_. We recall by |2 that g is Einstein if and 
only if _B = and g is self-dual if and only if W- — 0. 

LC 

In terms of Lie algebra valued 1-form r of the Levi-Civita connetion and of its 

LC 

curvature 2-form J7 we have the decompositions: 

LC + - LC + - 

r=r + r, vi =n + vi, 

where F and ri are su(2)i-valued, and F and Q, are su(2)fl-valued. 

Then the condition for the Riemannian metric g to be Einstein and self-dual is 

equivalent to = 0. 

A natural problem is to study a geometry in higher dimensions, which can be 
viewed as the counterpart of selfduality in four dimensions. The Lie group SO(n) 
for n > 5 is simple and there is no splitting of so(n), so an idea is to try with a Lie 
group of the form H x H in SO(n). 

In this paper we will consider the case of SO (3) x SO (3) C SO (9). To this 
aim we need an irreducible 9-dimensional representation of SO(3) x SO(3), which 
turns out to be related to a 9-dimensional irreducible representation p of the Lie 
group SL(2,IR) x SL(2,M). Perhaps for the first time the representation p was used 
by G. Peano [15j in his extension of the classical invariant theory to the action 
of the Cartesian product SL(2,IR) x SL(2,M) on the Cartesian product x M^. 
Similarly to the classical invariant theory |14| Ch. 10, p. 242], Peano in [TS] defines 
irreducible representations of SL(2,M) x SL(2,K) group, by considering its action 
on homogeneous polynomials in four variables (0i, 02, "01, '02) — (0,0") G x M^. 
Given a defining action of SL(2,K) on E^, (/i, 0) — ?> hcf), the irreducible action of 
SL(2,K) X SL(2,M) on x is defined as follows. 

Let ai\, I ~ 0, . . . ,m, X ~ 0, . . . , ^, he coordinates in M™+i x M^+^. They define 
a homogeneous polynomial 

m fJ, / \ / \ 

(1.2) wi$j) = EE«'47 KUr'4<'V2'- 

Now given {Hl, hn) e SL(2,M) x SL(2,M), we define a|^""''"' e M™+i x M^+i via: 
1=0 \=o \ / \ / 
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It follows that the map 

SL(2,M) X SL(2,M) x m(™+i)(a'+i) ^ {hL,hR,aix) (a^^""''') G m(™+i)(^+i) 

is an action of SL(2,M) x SL(2,K) on and therefore it defines an 

(m +!)(// + l)-diniensional representation p of this group by: 

For each value of {m, fi) this representation is irreducible. In the paper we are 
interested in the case {m,fi) ~ (2,2). In such case the polynomial w reads: 
(1.3)^ ^ 

w{(|),^p) = aoo^?'^! + 2aio(/>i(/)2V'i + a20</'iV'i + 2aoi0i'0iV'2 + 4aii(^i02V'iV'2+ 

2a21(/'2'01^2 + 00201^1 + 2ai20102'0i + a220iV'2- 

The 9-dimensional space consisting of vectors 

a? = {xQ,xi,X2,X3,X4,X5,XQ,X'i',Xs) — (aooi fliO: 1207 floii Q^ii, 021, ao2, ai2, 022), 

is equipped with the irreducible representation p of SL(2,M) x SL(2,M). This rep- 
resentation induces the action of SL(2,IR) x SL(2,]R) on homogeneous polynomials 
in variables Xi. Peano showed that the lowest order invariant polynomials under 
this action are: 
(1.4) 

g = QijXiXj = 2^a;oX8 + X2Xq — 2xiX'j — 2x-iXc, + 2x4 



id 

E 



TijkXtXjXk = 24:(^XoXiXs - XgX^Xr - XiXsXs + XiX^Xq + X2X■iX^ - X2XiX^ . 



They equipp with a metric gij of signature (4, 5) and a totally symmetric 
third rank tensor Tyj,, which turns out to be traceless, g'-'Tijk = 0. 

The common stabilizer of the two tensors g and T, defined above, is SL(2,M) x 
SL(2,M) in the 9-dimensional irreducible representation p of Peano. 

This is very similar to the situation in M^, where we have a pair of tensors 
{gij, Tijk) which reduce the GL(5,M) group to the irreducible SO(3) in dimension 
five [U El [5] . The only difference with the 5-dimensional case considered in [3] is 
that there the metric gij is of purely Riemannian signature see also f9| I12[ [T3]. 

The Riemannian version of tensors associated with Peano biquadrics may be 
obatined by making the following formal substitutions in (|1.4|: 



xa = yi+iy2, xg = yi - iy2, x2 = yz + iyA 

X6 = y3-m, xi = -j={y5 + iye), xr = — j^{y5 - iye) 



X3 = ^{yj + m), X5 = -^{yj - iys), X4 = ^yg. 



This indicates that the geometry associated with tensors g and T as above can be related to 
the geometry of a certain type of systems of differential equations of finite type [S] 1101 . Actually, 
the biquadrics | |1.3| are related to the general solution of the finite type system Zxxx = & 
Zyyy = of PDEs ou the plane for the unknown z = z{x,y). We expect that the geometry 
associated with g and T is the geometry of generalizations of this system [6]. 
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In these formulae coefficients y^, /i = 1, . . . , 9, are real, and i is the imaginary unit. 

With these substitutions (1.4 1 become: 

(1.5) 

Enf 2 , 2, 2, 2, 2i 2, 2, 2, 2\ 
ftj^iyj ^ ^[vi + y2 + Vs + Vi + % + % + 2/7 + ys + % j ' 

12 - 2yiy5y7 - 2y3y5y7 - 2j/22/62/7 - '^ViVaVi - 22/22/5y8+ 

22/42/52/8 + 2yi2/62/8 - 22/32/62/8 + V^vlvs + V^vIvq - ^/^vlvs - ^/^ylys]- 



This equipps parametrized hy y^, ^ — 1, 2, . . . , 9, with a pair of totally symmetric 
tensors ((/^j, TjjTc), in which g^j is now a Riemannian metric. 

In Section we obtain a better realization of (R^,g,T) by using the indentifi- 
cation of with a space M3x3(M) of 3 x 3 matrices with real coefficients. This 
allows us to show that SO(3) x SO(3) is surprising the stabilizer of a 4-form uj. 
In Section |3] irreducible representations of SO(3) x SO(3) are studied in detail. 
Following the approach presented in [3_ , in Section |4] we introduce the irreducible 
SO (3) X SO (3) geometry in dimension nine as the geometry of 9-dimensional man- 
ifolds Af ^ equipped either with a pair of totally symmetric tensors {g, T) as in ( 1.5 ) 
or with the differential 4-form oj. In Section |5] we determine the conditions for T 
which will guarantee that (Af^, T, cj) admits a unique metric connection F, with 
values in the symmetry algebra (so(3)l®so(3) r) of (g, T) and with totally antisym- 
metric torsion. This (so(3)l © so(3)fl)-connection F, also called the characteristic 
connection, naturally splits onto: 



F = f + F, 



with F e so(3)l ® R.^, and F G 50(3);^ R^. Because so(3)i commutes with 50(3);? 

this split defines two independent so(3)-valued connections F and F. So an irre- 
ducible S0(3) X S0(3) geometry (A/^,5, T,a;) equipped with and (so(3)l ®so(3)fl) 
connection F can be Einstein in several meanings, by considering not only the Levi- 

Civita connection but also the connections F, F and F. In the last section we study 
irreducible SO(3) x SO(3) geometries (M^,g, T,uj) admitting a characteristic con- 
nection F with 'special' torsion T. In particular, we provide locally homogeneous 

(non Riemannian symmetric) examples for which T ^ 0, r has vanishing curva- 
ture and F is Einstein and not flat. These examples can be viewed as analogs of 
self-dual structures in dimension four. It would be very interesting to find analogs 
of selfduality which are not locally homogeneous. If such solutions may exist is an 
open question. 
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2. Invariant SO (3) x SO (3) tensors 

We identify the 9-dimensional real vector space MP with a space M3x3(K) of 3 x 3 
matrices with real coefficients, via the map 

a:R^^ M3x3(M), 

defined by 

(2.1) 9 A = a'ei i — > a{A) = i a'^ aM e M3x3(M). 

This map is obviously invertible, so we also have the inverse 

cr"^ : M3x3(K) ^ K^. 
The unique irreducible 9-dimensional representation p of the group 

G = SO(3) X SO(3) 

in is then defined as follows. 

Let h = {hL,h[i) be the most general element of G, i.e. let and hn be two 
arbitrary elements of SO(3) in the standard representation of 3 x 3 real matrices. 
Then, for every vector A from K^, we have: 

(2.2) p{h)A = <j-\hL a{A) /77/). 

In the rest of the article we adopt the convention that the symbol G is reserved 
to denote the group SO(3) x SO(3) in the irreducible 9-dimensional representation 
defined above, and that q denotes its Lie algebra, g = so (3) x so (3). 

Consider now 9 = {9^,9"^,. .. ,6^) with components 9^ being covectors in M.^. 
This means that ^ is a vector- valued 1-form, 9 gMP (S) (K^)*. We identify it with 
the matrix-valued 1-form 

'J{0) e M3x3((K')*). 

The group G acts on forms 9 via 

9^6' = p(h)9. 
Its action is then extended to all tensors T of the form 

T = T,^,^,„iJ''0 9'^(g)...(g>9'^ 

via 

T^T' = Ti,i„.,iX' ® 9''' ... ® 9''\ 

We say that the tensor T is G-invariant iff T' = T. 

An example of a G-invariant tensor is obtained by considering the determinant 

det(a(A)) = iTyfea'a^'' 

and its corresponding symmetric tensor 

(2.3) r := ^T,jk9'Q9^ Q9''. 

This is obviously G-invariant by the properties of the determinant, and by the fact 
that dct{h) = 1, for every element of SO(3). 

Thus we have at least one G-invariant tensor T. 

To create others we note the G-invariance of the expressions 

(2.4) Tr{c7{9)Qa{9f), Tr{a{9) A C7{9f), Tr{a{9) ^ a{9f). 
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Here, the product sign under the trace is considered as the usual row- by-columns 
product of 3 X 3 matrices, but with the product between the matrix elements in 
each sum being the respective tensor products 0, A and 0. The G-invariance of 
these three expressions is an immediate consequence of the defining property of 
the elements of SO(3), namely: h^h = hh"'" — id. Having observed this, we now 
see that any function F, multilinear in expressions ( |2.4| , also defines a G-invariant 
tensor. 

This enables us to define a new SO(3) x SO(3)-invariant tensor: 

(2.5) g = Tr{<7{e) a{e f) = g.^e'e^ . 

This tensor is symmetric, rank (2) and nondegenerate. It defines a Riemannian 
metric g on M^. 

Another set of G-invariant tensors is given by the 2A:-forms 

(2.6) Tr((7(6l) A a{ef A a{9) A cr{ef A ... A (j{e) A (7{ef). 

One would expect that these identically vanish, but surprisingly, we have the fol- 
lowing proposition. 

Proposition 2.1. The 4-form 

(2.7) w = lTr{a{9) A (7{ef A a{0) A a{9f) = ^uj^juO' A 9^ A 9'' A 9^ 

does not vanish, uj ^ 0. 

In the remaining cases, when k — 1, 3, 4-, the forms (2.6) are identically equal 
to zero. 

We have the following formulae for the three G-invariant objects defined above: 
T = -9^9^9'^ + 9^9^9'^ + 9^9^9^ ~ 9^9^e^ - e'^9'^9^ + 9^9^9^, 



l\2 I iq2\2 I iq3\2 , f Qi\2 , ( Qb\2 , I q&\2 , I qJ \2 , //)8^2 , //)9n2 



+ {9'Y + {9''Y + {9 



(2.8) 



w = 0i A 6*2 A A 61^ + A 6*2 A 61^ A 6** + 6*1 A 6*3 A A 9^+ 

9^ A 9^ A 9'^ A 9^ + 9^ A 9^ A 9^ A 9^^ + 9^ A 9^ A 9^ A 9^+ 

9"^ A 9^^ A 9'^ A 9^ + 9^ A 9^ A 9'^ A 9^ + 9^ A 9^ A 9^ A 9^. 

Here, to simplify the notation, we abreviated expressions like 9^ q9^ Q9'^ , or 9^Q9^, 
to the respective, 9^9^9'' and (6'^)^. 
We have the following proposition. 

Proposition 2.2. 

(1) The simultaneous stabilizer in GL(9,M) of the tensors g and T defined 
respectively in [KM and {2.5) is G ^ SO(3) x SO(3) in the irreducible 



9-dimensional representation p. 



(2) The stabilizer in GL(9,M) of the 4-form lo defined in {2.1) is also G — 
SO(3) X SO(3) in the irreducible 9-dimensional representation p. 

Proof. We know from the considerations preceeding the proposition that the stabi- 
lizers contain G. To show that they are actually equal to G we do as follows: 
A stabilizer G' of g and T consists of those elements h in GL(9, R) for which 

(2.9) g{hX, HY) = g{X, Y) and T{hX, hY, hZ) = T{X, Y, Z). 
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We find the Lie algebra of G". Taking h in the form h = cxp{sX) and taking 



g^l^ Q of the equations (2.9 1, we see that the matrices X = (X^j) representing the 



elements of the Lie algebra g' of G' must satisfy 



(2.10) 

and 

(2.11) 



gijX\+guX'^=0 



+ ^ilkX 



0. 



The first of the above equations tells that the matrices X must be antisymmetric, 
i.e. it reduces 81 components of a matrix X to 36. The second equation gives 
another 30 independent conditions restricting the number of free components of X 
to 6. Explicitly the matrix X solving (2.10 1-( 2.11 1 is of the form 



(2.12) 

where 
(2.13) 



X = X^ 



ei 



X'^e2 



X-'e3 



X^'er 



/ 



ei 







10 

10 

1 









-1 

-1 











0\ 

\ 

-10 









/ 

0/ 



,62 



/O 

/ 









10 

10 

10 



-1 

-1 











X^'e2' 



' 


-1 







. 



X^'es' 



,63 = 















10 

10 

1 



61' 









V 

\0 









0-100 



1 










1 




1 





,62' 







1 
















1 
















1 



,63' 





1 









\ 

\ 



-10 
0-10 

0-1 



/ 

000/ 








0-100 

1 

0-1 




-1 / 

1 / 



It is easy to check that the matrices e satisfy the following commutation relations: 

[61,62] = 63, [63,61] = 62, [62,63] = 61, [61', 62'] = 63', [63', 61'] = 62', [62', 63'] = 61', 

with all the other commutators being zero modulo the antisymmetry. Thus the 
system {eA,eA'), A — 1,2,3, spans the Lie algebra so(3) ® so(3), confirming that 
the Lie algebra g' of the stabilizer G" of tensors (2.3) and (2.5l is g' = so(3)®so(3). 
In an analogous way we find the Lie algebra g" of the stabilizer G" of w. This 
stabilizer consists of those elements h in GL(9,K) for which 

(2.14) u}{hX, hY, hZ) = uj{X, y, Z). 

Taking h in the form h = cxp(sX) and taking 37|j,_g of the equations (2.141, we 



see that the matrices X ~ i^^j) representing the elements of the Lie algebra g" of 
G" must satisfy 



(2.15) UJijkmX\ + LOiikmX^ j + '-^ijlmX^ k + ^ijklX^ -n 



0. 



A short algebra shows that this imposes 75 independent conditions on the 81 com- 



ponents of X, and that the most general solution to this equation is given by (2.12) 



with the generators (6^,6^') as in (2.13). Thus 

0' = fl" =so(3)©so(3) :=0. 

As a consequence G" = G" = SO (3) x SO (3), since so (3) ' 
subalgebra of so (9). 



) so (3) is a maximal Lie 
□ 
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Remark 2.3. Note that the form oj alone is enough to reduce GL(9,M) to G. One 
does not need the metric g for this reduction! On the other hand, the tensor T 
alone is not enough to reduce the GL(9,M) to G. The equation (2.111 imposes 
only 65 independent conditions on the matrix X. Thus it reduces 0[(9,M) to a 
Lie algebra of dimension 16. Since 16 is the dimension of s[(3,M) 0s[(3,IR); and 
T is clearly SL(3,M) x SL(3, M)-invariant, the stabilizer of the tensor T alone is 
SL(3,M) X SL(3,M). To reduce it further to so (3) ®so(3) one needs to preserve g. 



If in addition to T we preserve g we get, via the equation ( |2.10 1, the remaining 10 
conditions. 



Remark 2.4. For the geometric relevance of the form w see Remark |4.5| suggested 
by Robert Bryant (HE]). 

Remark 2.5. We remark that in addition to the 4-form uj we have also the 5-form 
*uj (Hodge-dual of uj) which is G-invariant. One can say that given only lu in 
we do not have any metric structure on it. But w defines the reduction of the 
Lie algebra of GL(9,M) to g = so(3) x so(3). In particular it defines the explicit 



representation of g given by (2.12 1 with the explicit form of the generators (e^, ga') 
given by (2.131. Thus, given ui we have exp licitly X as in (2.121. Now we define 



the metric (2)-tensor such that (| 2.7[) h olds. It is a matter of checking that 

given X as in (2.12) with {eA,eA') as in (2.13) the only metric gij satisfying (2.7) 
(miraculosly!) is gij = const x Sij. Thus the 4-form lo defines the metric g up to 
a scale, and this in turn defines the unique (up to a scale) 5-form *w, being its 
standard Hodge-star with respect to the metric g. 

Another way of defining the 5-form which provides the explicit relation 
between (g, T) and w, is given by the proposition below. To formulate it we consider 
a coframe 6*' and the corresponding components T^-fc of the tensor T as in (2.3). 



Using them we define a (9 x 9)-matrix- valued- 1-form T{0) = (T(0)*^) with matrix 
elements 



T{0y^ - g^'Ti^kO". 



(5% . Having the 



Here (g*^) is the matrix inverse of {g^j), i.e. g^'^gkj = gjkg"^ - " j- 
matrix T{6), we consider traces of the skew symmetric powers of it, 

Tr(T(6l)^'^) = Tr(T(6') A T{9) A ... A T{9)), 

where again the expressions like T{6) A T{9) denote the usual row-by-columns 
multiplication of 9x9 matrices, with the multiplication between the matrix elements 
being the wedge product A. 

Proposition 2.6. If k ^ 5 and k & {1,2,. ..,9}, then Tr{T{9)^'') 0. 
If k — 5 the 5-form Tr(T(0)^^) does not vanish, 

Tr(T(6l)^^) = Tr(T(6i) A T{9) A T(6l) A T{9) A T{9)) ^ 0. 

Up to a scale this form is equal to the G-invariant 5-form In turn, the relation 
between the form uj and tensors (g, T) is given by 

uj = *Tr{T{9) A T(e') A T{9) A T{9) A T(6I)). 



We proved this proposition by a brute force, using (2.8), and calculating the 
expression of Tr(T(^)^'') for each value of fc = 1, 2, ...9. It would be interesting to 
get a 'pure thought' proof of it. 



ANALOG OF SELFDUALITY IN DIMENSION NINE 



9 



Remark 2.7. The situation with G-invariant totally aTifisyninietric p-forms is clear: 
there are only one (up to a scale) 0- and 9-forms (a constant and its Hodge dual), 
and there are only one (up to a scale) 4- and 5-forms (the 4-form uj and its Hodge 
dual). All the other G-invariant p-fornis are equal to zero. 

Remark 2.8. The situation with G-invariant totally symmetric p-forms is more 
complex because of the infinite dimension of O'^ K^: Up to a scale there is 

only one totally symmetric G-invariant 0-form; totally symmetric G-invariant 1- 
forms are all equal to zero; there is only one totally symmetric G-invariant 2-form 
- the metric g, and only one totally symmetric G-invariant 3-form - the tensor T. 
Continuing this one gets that, in particular, there is only a 2-real-parameter family 
of totally symmetric G-invariant 4-forms: the family is spanned by g^ijgki) and by 
a tensor 2^^; = 'E^i^iji^i), which in our coframe 9 is expressed by: 



1 " 


Qigjgkgl ^ 










f 4(6|i)2(6»2)2 


-f 2(6*2 


)4+ 4(01)2(03 


)2 + 4(02)2(03)2 + 2(03)4 + 




94)2_7(02)2( 


9^- 


7(0=')2(04)2 + 


2(04)'' + 2201020405- 






9^f- 


7(0=^)2(0^)2 _^ 


4(04)2(05)2+2(05)4 + 


22i9^6»^( 


f9^ + 229'^9^t 


?5g)6 _ 


7(01)2(0*^)2- 


7(02)2(06)2 + 4(6|3)2(g,6)2_^ 


4(6'^)2( 


9^f + A{9^f{ 


06)2 + 


2{9^f + A{9^ 


)2(07)2- 7(02)2(0^)2- 


7(03)2( 


9^)2 + 4(04)2( 


0^)2- 


7(0^)2(07)2 _ 


7(06)2(07)2+2(07)4 + 




fe^ -f 226»'*6'^( 


f9^- 


7(01)2(08)2 + 


4(02)2(08)2_ 




98)2_7(04)2( 


08)2 + 


4(0^)2(08)2- 


7(06)2(08)2 + 4(07)2(^8)2^ 


2(08)4 _ 


^229^9^9"^ 9^ - 


f 220"^ 


0*^0^0^ + 2202 


030809 + 2205060809- 


7(0i)2((?9)2- 7(02)2(09)2 + 


4(^3)2(^9)2 _ 


7(04)2(09)2 - 7(05)2(^9)2^ 


4(0<^)2( 


99)2+4(07)2( 


0^)2 + 


4(08)2(09)2+ 


2(0^)4. 



The G-invariant tensor 'B.^jki defined above may be characterized as the unique 
(up to a scale) G-invariant totally symmetric (°) tensor which has vanishing trace, 

g'^'^ijki = 0. 

3. Irreducible representations of S0(3) x SO(3) 

As it is well known all finite dimensional real irreducible representations of SO (3) 
have dimensions = 2fc + 1, /c = 0, 1, 2,3, and are enumerated by the weight 
vectors [2k]. The representations with the weight vectors [m] = [2k] and [/i] = [2/] 
are equivalent]^ iff k — I. We denote the vector spaces of these representations by 
y[2k]- Consequently, all pairwaise inequivalent finite dimensional real irreducible 
representations of SO (3) x SO (3) are given by tensor products 

V[2k] ® V[2i] := V[2fc,2;], with k,l^O, 1, 2, 3, 

and have the respective dimensions 

d[2k.2i] = (2fc + l)(2? + l). 



'Note that m and /i here are related to the order of the Peano plynomials in (1.2 I. 
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In particular, for each number d^2k,2i], with k ^ I, there are two nonequivalent 
irreducible representations of SO(3) x SO(3) with the respective carrier spaces 
y[2k,2i] and V]2i,2k\- 

In the following we will need decompositions of various tensor products of spaces 
l^[2fc,2J] onto irreducible components with respect to the action of SO(3) x SO(3). 
These are summarized in 

Proposition 3.1. 

A^'^l2,2] = V[o,2] ® V[2,o] ® V[2,4] ® V[4,2] , 
A^^[2,2] = V[o,2] © V'[2,o] © V[o,6] © V[6,o] © V[2,4] © V[4^2] © ^[2,2] © V[4,4] > 
A''^[2,2] = V[0,0] © V[o,4] © V[4,0] © 2V[2,2] © V[2,4] © ^[4^2] © ^[2,6] © ^[6,2] © ^[4,4] , 
OV[2,2] = V^[0,0] © V[o,4] © V[4,0] © V[2,2] © ^[4,4] , 
0'V[2,2] = V[o,o] © 2V[2,2] © V[2,4] © V[4,2] © V[2,6] © V[6,2] © V^[4,4] © V^[6,6] , 
0^^12,2] = 2F[o,o] © 2V[o _4] © 2V[4_o] © 2V[2,2] © V[2,4] © V[4,2] © V[o,8] © ^[8,0]© 
V[2,6] ® V[6,2] ® 3V[4,4] ® V[4,6] ® V[6,4] ® V[4,8] ® V[8,4] ® V[6,6] ® V[8,8]- 

We in addition have the following identifications: 

'left' so(3) = y[o,2] 
'right' so(3) = 1/[2,o] 

= 1^[2,2] 

so(9) = A'K'^ = A'^l2,2]. 

In the following we will conveniently denote the so (3) Lie algebra corresponding to 
l^[o,2] by 5o(3)l and the 5o(3) Lie algebra corresponding to Vp^o] by so(3)fl, i.e. 

^[0,2] = so{2,)l, and Vp.o] = so(3)ij. 

Using these identifications and the decompositions from the proposition above, we 
obtain: 

Proposition 3.2. 

S0(9) = 2V[o,2] ® 2y[2,o] ® V[o,4] ® V[4,0] ® V[o,6] © V[6,o]© 

3V[2,4] © 3V[4,2] © V[2,6] © V[6,2] © 4V[2,2] © 2y[4,4]© 
V[4,6] © '^16,4] 
S0(3)i, = V[2,0] ® V[2,2] ® V[2,4] 
50(3)h O = V[o,2] ® V[2,2] ® V[4,2] 
(so(3)i, e S0(3)/j) O R9 = V[o,2] ® V[2,0] ® 2V[2,2] ® V^2,i] ® V[4,2] 

50(3)z, (g) A^IR® = V[0,0] ® V[o,2] ® V[2,6] ® V[o,4] ® V[4,o] ® V[2,4] ® V[4,2]® 
2V[2,2] ® V[4,4] 

S0(3)iJ O A^IR^ = '5^0,0] ® V[2,0] ® V[6,2] ® V[o,4] ® V[4,o] ® V[2,4] ® V[4,2]® 
2Vi2,2] ® Vi4_4] 

(so(3)l ® 5o(3)k) O A^K® = 2V[o,o] ® V[o,2] ® Vp.o] ® 2V[o,4] ® 2V[4,o]® 

2V[2,4] ® 2V[4,2] ® V[2,6] ® V[6,2] ® 4Vi2,2] ® 2V[4,4] 
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The proofs of the above propositions can be obtained by the standard repre- 
sentation theory methods using weights. Instead of presenting them we identify 
various useful components of the decompositions mentioned in the propositions as 
eigenspaces of certain SO(3) x SO(3) invariant operators. 

For example the four irreducible components in the decomposition of /\ in 
Proposition |3.1| can be distinguished by means of the action of the endomorphism 
of (^^M^ defined by the structural 4-form w. Indeed the 4-form lo = ^ujijkiO^ A 
6^ AO'- , as in (2.8 1, defines a linear map 

s2ttt)9 







2tb9 



given by 







2711)9 



9 U 



{t)ki = uj'\iUj e (g) 



2711)9 



Here, and in the following we ra ise the indices by means of the inverse g^^ of the 
metric g — gijO^O^ given by (2.8 1. In particular oj'\i = g''^g'''^i^pqki- 

The eigenspaces of this endomorphism give the desired decomposition of /\^M^. 
We have the following proposition. 



Proposition 3.3. The 45- dimensional vector space Q 



2Tn>9 



SO(3) X SO(3) 



invariant subspace in 
\2Tn)9 



is given by: 



corresponding to the eigenvalue of the operator uj 



The decomposition 







= V[2,o] Q 


3 V[o,2] Q 


Vl0,2] 




I' 3 F,, 


■■ ^(F) 


^[2,0] 




I' 3 F.,, 


■■ ^(F) 


V[2,A] 




3 F,, 


■■ ^(F) 


^[4,2] 




I' 3 E., 


: u;{F) 



AF,, } =so(3)l 



2^^., } 



The respective dimensions are 

dim V[2fi] = dim V[o,2] 



3, dim V[4 2] = dim V[2,4] = 15. 



Remark 3.4. Convenient bases for the 2-forms spanning Vjo.2] and V[2,o] a-re 
= IcAijO"- A 9^, and Kq ' = \eA'ijd' A OK 

Here eAij and cahj are the matrix elements of the bases {ca) and [ca') of so(3)l 
and so(3)ii; as given in (2.131. Explicitly: 



?i A 0^ 



9'^ AO^ 
f A0^ 



(3.1) 



Kq 



t AO" - 



f A9^ 



^6' A> 



9^ A0^ 



+ ei-* A + 1 



f A9^ 



9^ Ad^ 



fA0^ 



9^ Ae^ 



9^ A0^ 



Thus we have: 

Spanjf(Kj, K-l, Kg) = so(3)l, and Spani[f(Kp ,kI) ^ so(3)ij. 
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A convenient basis for the space V[2 4] is given by: 
(3.2) 

Aj = 6*1 A - A 6l^ Xl = 6^ A O'^ + 9^ A 9^, Xl = 9^ A 9^ + 9^ A d'^ 

Xl = e^ A9'^ -9^ A9^, Xl^9^ A9^ + 9"^ A9\ Xl ^ 9^ A 9^ + 9^ A 9'^ 

Xl = 9^ A9^ -9^ A9^, Xl^9^ A9^ + 9^ A9\ X^ ^ 9^ A 9^ - 9^ A 9^ 

Xl° ^9^ A9^ + 9^ A9^, Xl^ = 9^^ A9'^ -9^ A9^, Xli^ = 9'^ A 9^ + 9^ A 9'' 

Xf ^9'^ A9'^ + 9^ A9\ Xl^ ^9^^ A9^ -9^ A9^, Xl^ = 9^ A 9^ + 9^ A 9^ . 

Similarly, a basis for V[4 2] is 
(3.3) 

X^o =9^ A9^ -9"^ A9^, X^^ = 9^ A 9'^ - 9^ A 9^ , X^ = 9^ A9^ - 9^ A9^ 

Xi =9^ A9^ -9'^ A9'^, Xli ^9^ A9^ ^9^ A9^, X^ = 9^ A 9^ - 9^ A 9^ 

Xj^ =9^ A9^ -9^ A9\ Xf! ^9^ A9° -9^ A9\ X^o ^ 9^ A 9^ ~ 9^ A 9^ 

Xf ^9'^A9'^ ^9^ A 6l^ Aj^' ^9'^A9'^~9^ A 9^, AJ^' ^ 9^ A 9^^ - 9^ A 9^ 

Aj3' ^9^ A 9^ -9^ A 9\ Aj-*' ^9^^ A9^ -9^ A 9\ Xf ^9^ A9'^ -9^ A 9^. 

A partial decomposition of can be obtained by means of the Casimir 

operator C*^j for the tensorial representation (^"^ p of the irreducible representation 



of so(3)l ® so(3)i^ defined in (2.131. To get an explicit formula for the operator 
^^ki introduce a collective index /i = 1, 2, 3, 4, 5, 6, so that the six vectors (e^) = 
(ca, ga') are the basis of the Lie algebra so(3)l ©so(3)i^. Using this basis one easily 
calculates the Killing form k for so(3)l ffiso(3)fl. We have 

The inverse of the Killing form has components k^'^ — —^5^'^. Then, modulo the 
terms proportional to the identity, the Casimir operator C*{, reads: 



Here e^k denotes the matrix element from the ith raw and kih. column of the Lie 



algebra matrix given by (2.131. This defines an endomorphism 

C : {g)^M^ ^ {g)^M9 

given by 

9 A C{t)u = C'iiU, e 
We have the following proposition. 



Proposition 3.5. The Casimir operator C decomposes {^^M'^ so that: 

= V[0,o] ® V[2,2] ® V[4,4] ®Wq® Wio ® W^30. 
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Here: 



^[0,0] 


= { 








= -^Fii } 


V[2,2] 


= { 








= -2Jii } 


V[4,4] 


= { 




9 ^ F.. 


C{Fh 


= } 


We 


= { 






C{F)ij 


= -3^;,- } = F[2,o] e v[o,2] 


Wso 


= { 




9 ^ p.. 


C{Fh 


= } = V[2,4] e V[4,2] 


Ww 


= { 




9 ^ F.. 


C{Fh 


= -Fii }. 



H^e further have: 

/\2m9 = ® W30, 

anrf 

O'K^ = V[o,o] e V[2,2] © 1^4,4] © Wio. 

Tfte respective dimensions of the carrier spaces Wq, W^q and W'30 are: 6, 10, 30. 
Spaces V[o^o]) ^[2,2]) md V[4_4] /lawe the respective dimensions 1, 9, and 25. 

The symmetric representation Wio further decomposes onto 5-dimensional SO (3) x 
SO(3) irreducible and nonequivalent bits: 

Ww = V[4,0] © V[o,4]. 

One can use the Casimir operator C to decompose the higher rank tensors as well. 
In particular, the third rank tensors, tijk G 0^M^, can be decomposed using the 
operator 

pqr PQ r ' pr q ' qr p' 

This defines an endomorphism 
given by: 

03]g9 3 ^^^^ ^ C{t)imn = &')mntijk & 0'^'- 

Applying it to /\^M^ we get: 

Proposition 3.6. The eigendecomposition o//\'^M^ by the operator C is given by: 

A^M^ = ^6 © ^9 © Z30 © Z39, 

where 



Z6 


= { A'l 


9 Hijk 


C{H)ijk 


= —bHijk } = 


^^[2,0] © 


Vjo,2] 


Z9 


= {Ah 


3 Hijk 


C{H)ijk 


— —4:Hijk } = 


V[2,2] 




Z3Q 


= { A'l 


3 Hijk 


C{H)ijk 


= —2Hijk } = 


V[2,4] « 


%,2] 


Zsg 


= { A'l 


3 Hijk 


C{H)ijk 


= } = V[4,4] 


B V[0,6] 


© ^[6,0] 



A more refined decomposition of /\^R^ is obtained by using the structural 4-form 
CO. It produces an endomorphism 

U! : A^R^ ^ A^K^ 

given by: 

A^R^ 9 tijk i^{t)ijk = ^'^^"^[ijtk]lm € A^^^- 
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We have the following proposition. 

Proposition 3.7. The eigendecomposition of /\'^M.^ by the operator ui is given by: 

A^K^ = V[6,o] ® V[o,6] ® Zis ® Zis' ® ^34, 

w/iere 

^[0,6] = { A'^If^^ 3 iJijTc : uj{H)ijk = —6Hijk } 

^[6,0] = { A^H^^ 3 Hijk ■ uj{H)ijk = } 

Zi8 = { A'K^ 3 H,jk : 'I'(if).yfe = mjk } = V[2A] ® V[o,2] 

Zi8' = { A"''K^ 3 H,jk : w(if)»jfc = -4H,,k } = V[4,2] ® V[2,o] 

Z34 - { A'K^ 3 H,jk : = } = V[2,2] ® V[4,4]. 

Using Propositions |3.6| and |3.7| we identify all the irreducible components of 
the SO(3) X SO(3) decomposition of A^I^^- For example: V[2,q] ^ Zq n Z^,, 
1^[4,4] = ^39 n Z34, etc. 

4. Irreducible S0(3) x S0(3) geometry in dimension nine 

We are now prepared to define the basic object of our studies in this article. 

Definition 4.1. The irreducible SO(3) xSO(3) geometry in dimension nine (Af^, 
T) is a 9-dimensional manifold , equipped with totally symmetric tensor fields 
(5, T) of the respective ranks (2) and (3), which at each point x G M^, reduce the 
structure group GL(9,M) of the tangent space T^M to the irreducible (SO(3) x 
SO(3)) c SO(9) c GL(9,M). 

Alternatively, the irreducible SO(3) x SO(3) geometry in dimension nine is a 9- 
dimensional manifold M^, equipped with a differential 4- form uj which, at each 
point X G , reduces the structure group GL(9,K) of the tangent space T^jM to 
the irreducible (SO(3) x SO(3)) C SO(9) C GL(9,M). 

Definition 4.2. Given an irreducible SO(3) x SO(3) geometries in dimension nine 
(M^,(7, T) a diffeomorphism (j) : such that (j)*g = g and (j)*T — T 

is called a symmetry of {M^,g,T). An infinitesimal symmetry of {M^,g,T) is a 
vector field X on such that Cxg = and Cx'^ = 0. 

Symmetries of {M^ , g, T) form a Lie group of symmetries, and infinitesimal sym- 
metries form a Lie algebra of symmetries. 

4.1. so(3)l ©so(3)i(; connection. We want to analyse the properties of the irre- 
ducible SO(3) X SO(3) geometries in dimension 9 by means of an so(3)i ffiso(3)jf- 
valued connection. Since so(3)l ®so(3)ij seats naturally in so(9) such connection 
is automatically metric. It also preserves T and lo. 

For the purpose of this paper it is convenient to think about a connection as a Lie- 
algebra- valued 1-form r on . Thus, the 1-form F of the connection we are going 
to define for geometries {M^,g,T,uj), has values in g = so(3)l ® so(3)fl, C so(9), 
i.e. in the Lie algebra defined by (2.12 1-(2.13 1. 

For further use we need the following notion: 

Definition 4.3. Given an irreducible SO(3) x SO(3) geometry (M^, 5, T, w), a 
coframe 9 = {6^, 9^, 9^, 9^,9'^, 9^, 9'' ,6^,9^) on is called adapted to it, iff the 
structural tensors g, T and oj assume the form (12. 8| in it. 
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Since the manifold {M ,g,T,ijj) is equipped with a Riemannian metric g it 

LC 

carries the Levi-Civita connection r of g. This can be split onto 
(4.1) r + 'the rest'. 

The only requirement that F has values in g is to weak to make the above split 
unique. In order to achieve the uniqueness one has to impose some (e.g. algebraic) 
restrictions on 'the rest'. The strongest of such restrictions is that the 'rest' = 0. 
In the next section we will provide another much weaker condition that makes the 
split (4.1 1 unique. Here we do some preparatory steps to this. 

Given the geometry {M^ , g,T,uj) we use a coframe 9 adapted to it and write 
down the structure equations. This have the form: 

(4-2) ■ , 

dr^ + r^Ar*^^- = 

Here the matrices F — (r*^) have values in the Lie algebra g = so(3)l © 5o{?>)ii C 
so (9) and therefore can be written as: 

(4.3) rV=7-^e^^-+7^'eA'^-, 

where (7'^, 7"^ ) are 1-forms on A/^, and the matrices = {e-a^ j) and e^' = {&A'^ j) 
are given by (2.13). 



The vector-valued 2-forms 



represent the 'torsion' of connection F. The 'a priori' so(9)-valued 2-forms 
are actually g-valued. Hence they can also be written as 



where 



= 1^4 .0^ A 6'^ and k^' = ^h'^'M' A 9' 

Z ^ ''J 



are 2-forms on Af^. They describe the 'curvature' of the connection T. 

We want that the first of the structural equations (4.2 1, which defines the torsion 
T of the so(3) l ©so(3)ij connection F, be nothing else but a reinterpretation of the 
'zero '-torsion equation 

(4.4) + T'j A 9' = 0, 

LC 

for the Levi-Civita connection F . For this we need that 

LC ^ 

F ijk — ^ijk © 2^\^ijk ^jik '-^kij)^ 

or, what is the same, 

(4.5) FV = F'^. + IT) - \{T,\ + n\)9\ 

Indeed, inserting the above relation into ( |4.4[ ), because of the symmetry of the last 
two terms in indices {jfc}, we get precisely the first of the structure equations (4.2 1. 
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The structural equations (4.2) when written expHcitly in terms of 
read: 



(4.6) 



1 r>^ 

d9 


1 

= 7 


A 


9 


2 

+ 7 


A 


9 


1 ' 

+ 7 


A 


9 


2' 

+ 7 


A 6''' - 




d0^ 


-l' 


A 


95 


+ 7^ 


A 


98 


"7^' 


A 


91 


+ 7^' 


A6l3- 


l-T^ 


dd^ 


= l' 


A 


96 


+ 1' 


A 


99 


-7^' 


A 


91 


-7^' 


A^^2_ 


l-T^ 


d9* = 


-7^ 


A 


91 


+ 1' 


A 




+ 7^' 


A 


95 


+ 7^' 


Aei*^- 


FT^ 


de^ = 


-l' 


A 


92 


+ 1' 


A 


98 




A 


94 


+ 7^' 


A6l*^- 


l-T^ 


d6'^ = 


-l' 


A 


93 


+ 1' 


A 


99 




A 


94 


-7^' 


A6l^- 


KT^ 


de' = 


-l' 


A 


91 




A 


94 


+ 7^' 


A 


98 


+ 7^' 


A09^ 


KT^ 


d0'^ 


-l' 


A 


92 


-1' 


A 


95 




A 


9^ 


+ 7^' 


A09- 


l-T^ 


d03 = 


-l' 


A 


93 


-1' 


A 


96 


-7^' 


A 


9^ 


-7^' 


A0«- 





(4.7) 



d-y'^ 


= -7^ A 7^ 




d-i^ 


= -7^ A 7^ 




d-i^ 


= -7^ A 7^ 




d^^' = 


-7^' A 7^' 




d^"^' = 


-7^' A 7^' 






-7^' A72' ^ 





The equations (4.6l-(4.7), together with their integrability conditions implied by 
d^ = 0, encode all the geometric information about the most general irreducible 
SO(3) X SO(3) geometry in dimension nine. They can be viewed in two ways: 



4.2. so (6) Cartan connection. The standard point of view is that the equations 
are written just on . This point of view was assumed when we have introduced 
(|4^-(|4J]) above. 

The less standard point of view is in the spirit of E. Cartan: One considers 



equations (4.6l-(4.7l as written on the principal fiber bundle 



SO(3) X SO(3) 



with the structure group G. This is the Cartan bundle for the geometry (M^, g,T,uj). 
In this point of view the (9+3+3)=15 one-forms (6'*,7"^,7'^ ) are considered to live 
on P, rather than on . They are linearly independent at each point of P defining 
a prefered coframe there. 

The system may be ultimately interpreted as a system for the curvature of a 
so(6)-valued Cartan connection on P. This connection is defined in terms of the 
prefered coframe {9^, 7"^, 7^^ ) on P as follows. We define a 6 x 6 real antisymmetric 
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matrix 



- Cartan 



( 




-7' 


01 


02 


03 \ 









04 


05 


06 




^3 





07 


08 


09 






-07 













-08 


7^' 







\-6^ 


-06 


-09 


7^' 


^3' 


y 



of 1-forms, and a 9 x 9 matrix of 2-forms A'o given by 



KqCa + Kq ca' 



The forms {kq,Kq ) are the respective basis of so{3)r and so{3)l as defined in 



Remark |3.4[ The matrix Fcartan of 1-forms on P, being antisymmetric, has values 
in the Lie algebra so (6), Tcartan S so {6)(E)/\ (P). It defines an so(6)-valued Cartan 



connection on P. Due to the equations (4.6)-(4.7) its curvature, 
R = dT 



Cartan 



r 



Cartan 



AT 



Cartan ; 



has the form 



R 



( 


-i?i 


-i?2 


yl 


T2 


2^3 


\ 


i?l 









^5 




i?2 







J.7 




2^9 








-r^ 





-i?i' 


-i?2 




-r2 






i?l' 









^-r3 





_y9 









/ 



where 



A, A' = 1,2,3. 



«Q , R — K f^O : 

Thus the curvature of the so(6)-Cartan connection keeps track of both the curva- 
ture K and the torsion T of the so(3)l 0so(3)i^ connection F. In particular the 
connection Fcartan is flat iff 

& i? = 0, 



T = 0, 

i.e. iff the connection F has vanishing torsion, T 
curvature, K — Kq. 



0, and has constant positive 



4.3. No torsion. It is very easy to find all 9-dimensional irreducible SO(3) x SO(3) 
geomet ries with vanishing torsion. It follows that the system ( |4.2[ ), or equiva- 
lently ([4!6t-(|47|, with = 0, z = 1, 2, . . . , 9, is so rigid on P that it admits only 
a 1-parameter family of solutions. More specifically, the first Bianchi identities, 
d(d0*) = 0, 2 = 1, 2, . . . , 9, applied to the equations (4.6 1, with T* = 0, very quickly 
show that the curvatures k"^ and 



must be of the form 



1-0 ' 



and 



.A' 
^0 ■> 



where s is a real function on P. Then, the second Bianchi identities, 

d(d7^) = = d(d7^'), 



applied to (4.7 1 with the k's as above, show that ds = 0, i.e. that the function s is 



constant on P. This proves the proposition. 
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Proposition 4.4. All irreducible SO(3) x SO(3) geometries {M^,g,T,uj) with 
vanishing torsion are locally isometric to one of the symmetric spaces 



g/(SO(3) X SO(3)), 



whe 



g = SO(6), SO(3,3), or (SO(3) x SO(3)) 



The Riemannian metric g, the tensor T, and the 4-form lu defining the SO (3) x 
SO(3) structure are defined in ter ms o f the left invariant 1-forms [6^ , 0^, . . . , 9'^) , 
which on P = Q satisfy equations (4..6)-(4-.l) and T* = 0. These forms, via (2.8), 
define objects g, T and uj on P , which descend to a well defined Riemannian metric 
g, the symmetric tensor T and the ^-form lu on = Q/(SO{3) x SO(3)). The 
Levi-Civita connection of the metric g has Einstein Ricci tensor on , 

LC 

Ric{g) = 4s.g, 

and has holonomy reduced to SO (3) x SO (3). The metric g is fiat if and only if 
s = 0. Otherwise it is not conformally flat. The Cartan so(6) connection for these 
structures has constant curvature, 



R=is- 1) 



/o 











-K 






































^3' 






\ 




















Kq 







/ 



and is flat iff s = 1. The symmetry group of these structures is Q = SO (6) for 
s > 0, SO(3,3) for s < and (SO(3) x SO(3)) x^M^ /or s = 0. 

Remark 4.5. The space SO(6)/(SO(3) x SO(3)) appearing in this proposition is 
just the Grassmannian Gr(3, 6) of oriented 3-planes in 6-space and the 4-form lu 
coincides (up to a multiple) with the first Pontrjagin class of the canonical 3-plane 
bundle over G'r(3, 6) |11[TT] and the 5-form *a; is its dual. Indeed, w is induced by 
the first Pontrjagin class of the canonical 3-plane bundle over the Grassmannian 
Gr(3,7). In his PhD thesis C. Michael [TT] showed that the *lu calibrates the 
special Lagrangian Grassmannian SU(3)/cSO(3) C G'r(3, 6) and its congruent 
submanifolds (and nothing else). Moreover, he classified also the 8-dimensional 
submanifolds of Gr(3, 7) that are calibrated by the dual of the first Pontrjagin class 
of the canonical 3-plane bundle ([7]). 

4.4. Spin connections. Denote by Cg the real Clifford algebra of the positive 
definite quadratic form. Cg is generated by the vectors of and the relation 

v-w + w-v = 2 < v,w >, v,w R^, 

holds. The spin representation of the group Spin(9) is a faithful real representation 
in the 16-dimensional space Ag of real spinors and it is the unique irreducible repre- 
sentation of the group Spin(9) in dimension 16. With respect to this representation 
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the orthonormal vectors (ei, . . . ,eg) may be represented by the matrices 

^1 = I^feto *^16-fc,fc+l, ^2 = i I]fcio(~l)''*^16-'c,fc+li 

63 = X]fe=o(-^'^15-2fe,2fe+l ~ -^^16-2fe,2fe+2), 

64 = i X]fe=o(~-'-)'^(-^^15-2fc,2fe+l + A^16-2fe,2fc+2), 

^5 = X]fc=o(^^13-4fe,4fe+l + Mi4^4kAk+2 — Mi5^4kAk+3 — -Afi6-4fc,4*;+4), 

Ge = i X]fe=o(^-'-)'''(-^'^13-4fc,4fe+l + Afi4_4fe^4fe+2 + Mi5^4kAk+3 + Afi6-4/c,4fe+4) , 
^3 



^7 = J2k=ai^'^^+k.k+l — Mi3^k,k+5 + Mi+k,k+9 — -A^5+fe,/c+13), 

where by Mi,j we denote the 16 x 16-matrix having value 1 at its entry and 
value in all the remaining entries. In particular we have 



eg 



ef = 1, 



e,-e, =0, Vi,j = l,2,...,9. 



The double covering homomorphism Spin(9) — > SO(9) induces the isomor- 
phism of Lie algebras spin(9) — >■ so (9). By means of this isomorphism the basis of 
the Lie algebra 5pin(3)L ® spin(3)L corresponding to the basis (ei, 62, 63, e'^, 63, 63) 
of so(3)l ® so(3)fl^ is 



El = 


-i(ei-e4 - 


h 62 


65 - 


1-63-66), 


E2 = 


-5(61-67 - 


h 62 


68 - 


1-63-69), 


E3 = 


-5(64-67 - 


1- 65 


68 - 


1- 65-69), 


E'i = 


-5(61-62 - 


h 64 


65 - 


1- 66-68), 


E^ = 


-5(61-63 - 


h 64 


66 - 


1-67-63), 


^'3 = 


-5(62-63 - 


1- 65 


66 - 


1- 68-69). 



Thus, in this spinorial 16-dimensional representation, we have 

spin(3)L © spin(3)L = Span(Ei, E2, E3) ® Span(E'i, E^, E^,) 



C spin(9) = Span(-eiej, i < j = 1, 2, 



,9). 



Now given an so(3)l ©so(3)i^-valued connection F = J^ca + J^ ga' as in (4.3l, we 
define a spin connection 

r,p,„ - 7^E^ + 7^'e^, e (spin(3)L © spin(3)i?) ® R"" . 

4.5. so(3)l and so(3)i?^ connections. Since every (so(3)l ©so(3)fl;)-connection F, 
as defined in Section |4.1| has values in the direct sum of Lie algebras so (3) l and 
so(3)fl, it naturally splits onto 

F = f + F, with f e so(3)l (g)E^, and F G so(3)j? M^. 

Because so(3)l commutes with so(3)i? this split defines two independent so(3)- 
+ - . 

valued connections F and F. The two independent curvatures of these connections 
h\ = df %. + T\. A f ^ = \R\^,e'' A 0' 
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and 



are equal to the respective so(3)l and so(3)ij; parts of the curvature of F: 

Moreover, smce. via the identifications so(3)l = so(3)l©0 and so(3)ii; = 0®so(3)ij, 
both so(3)l and so(3)ij are naturally included in 50(9), we can define not only the 
Ricci tensor of F: 

Rij — R ikjj 
+ 

but also the corresponding Ricci tensors of T and F: 

D. . — TD^ p. . — p^ 

JXij — n ikj: -fXjj — n ikj- 

Thus an irreducible SO(3) xSO(3) geometry (Af^, g, T, us) equipped with a (so(3)l® 
so(3)fl) connection F can be Einstein in several meanings: 

LC LC 

(1) with respect to the Levi-Civita connection F , Ricij ~ ^gij', 

(2) with respect to the (so(3)l 0so(3)/f) connection F, Rij — Xgij] 

(3) with respect to the so(3)l connection F, Rij = Xgij', 

(4) with respect to the so(3)fl; connection F, Rij — Xgij- 

Of course the functions A appearing in the four above formulae, do not need to 
be the same. 

Calculating the Ricci curvature Rij for the 'no-torsion' examples from Section 
obviously yields RiCij = Rij = isgij, since the connections F and F coincide. 



4.3 



4.3 



But it follows that in these examples also F and F connectio ns a re Einstein. Actually 

we have Rij — Rij — 2sgij for all the examples in Section 

+ 

Similar considerations as for connections F, F and F, can be performed for the 
spin connection F^pi^. Here we have 

+ 

Tspin ^ Fspin Fspim 

with F e spin(3)L <8) and Fspin G spin(3)_R M^. Since spin(3)L commutes with 

spin(3)i^ we again have two independent connections Fspin and Fspin- Since they 

yield essentially the same information as F and F we will not comment about them 
anyfurther. 

5. Nearly integrable S0(3) x S0(3) geometries 

In the previous section we discussed general SO (3) x SO (3) geometries in dimen- 
sion nine, and general so (3) z, ©so(3) fi connections F, which were obtained from the 



LC 

Levi-Civita connection F via the split (4.5 1. The problem with such connections 



is that in general they are not unique. In this section we will restrict ourselves to a 
subclass of irreducible SO(3) x SO(3) geometries in dimension nine for which the 
connection F apearing in the formula ( |4.5[ ) will be uniquely defined. This class is 
distinguished by the following definition. 
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Definition 5.1. An irreducible SO(3) x SO(3) geometry {M^,g,T,uj) is called 
nearly integrable iff its structural tensor T is a Killing tensor with respect to the 
Levi-Civita connection, i.e. iff 



(5.1) 



VxT{X,X,X) = 0, WXeTM. 



We first write the condition (5.1) in an adapted to {M^,g,T,uj) coframe 6. In 



such a coframe we define the Levi-Civita connection coefficients r "'j.j to be given 
" r "'fcj0'^, where Xi are the vector fields Xi dual on to the 1-forms 



by Vx,0^ 



XiJO^ = 5-'^. The coefficients r^'j.j are related to the Levi-Civita connection 



1-form r = (r'j) via T' 
(5.2) 



T^jf^O''. In this setting the condition (5.1) reads: 
0. 



LC 

v 



(ji kl)m 



This motivates an introduction of the map 



T': A 



270.9 , 



4m9 



such that 



, LC 

T'(r; 



ijkl 



LC 



T 



(5.3) 



r Tpfe; ■ 

LC 

J- ik ^P]l 



r kj '^ipi 

^^p 

r jk '^ipi 



jkp 
^ ikp 



LC 

pP X ■ 



Comparing this with (5.2) we have the following proposition. 

Proposition 5.2. An irreducible SO(3) x SO(3) geometry {M^,g,T,uj) is nearly 

LC 

integrable if and only if its Levi-Civita connection T G kerT'. 



It is worthwhile to note that each of the last four rows of (5.3) resembles the 
l.h.s. of the equality 



X^jTpki + X\Tjpi + X^Tjkp 







satisfied by every matrix X ^ q = so(3)l ® so(3)i?. Thus, g (8) C kerT'. 
Now let us consider tensors T^-fc, such that Tijk = guT^^)^ is totally antisymmetric, 

Tijk = T^ijk] G A'^H^^- Via g we identify the space of the considered tensors T'^^^, 
with A^K^. 

Because of th e antisymmetry in the last pair of indices, and due to the first 
equality in (5.3), every such T^jk also belongs to kerT'. This proves the following 
Lemma. 

Lemma 5.3. 6*1711:6 

(so(3)l ®so(3)ii) C kerT' and 

then 

' (so(3)L®so(3)fl. 



91 



A 



3TrT,9 



A^M^ C ker T' 
C kerT'. 
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It is now crucial to calculate the dimension of kcr T'. We did it using the symbolic 
algebra calculation softwares Mathematica, and independently Maple, by solving 

J I LC 

equations (5.2) for the most general r^^j. G so(9) (g) M'^ It follows that the equa- 
tions impose the number 186 of independent conditions on the x 9 = 324 free 

LC . 

coefficients T^ji^- Thus we have: 
Lemma 5.4. 

dim kcr T' = 324 - 186 = 138. 

Again with the help of the Mathematica/Maple softwares we calculated the in- 
tersection of (so(3)l ©so(3)ii) (8)M9 with /\ IR^- In this way we obtained 

Lemma 5.5. 



so(3)L®so(3)fl) n A ]R = {0}. 

Comparing the dimension of ^so(3)i © 50(3)^^ ® M^, which is 54. with the 

dimension of /\^M.^, which is 84, and dimker T' = 138 and using the above Lemmas, 
we get the following 

Proposition 5.6. 

(5.4) kerT' = ((so(3)l © so(3)i?) (g) M*^) ® /\^R^ . 
This leads to the following 

Theorem 5.7. Every nearly integrable irreducible geometry (A/^, 5, T, cj), defines 
an 5o{S)L(S5o{3)ji-valued connection, whose torsion is totally antisymmetric. This 
connection is unique, and defined in an adapted coframe 9 via the formula 

LC^ i 1 i 

(5.5) r *j7j = r*jj, + 2 7"*^^., 

LC . 

where F^jj. are the Levi-Civita connection coefficients in the coframe 6,T = (r*j) = 
iX"^ is a 1-form on with values in g = so{3)l ®So{3)ji, and Tijk — duT^j]^ 
is totally antisymmetric, i.e. Tij}, — T\^ijk]- 

Conversely, every irreducible So(3)i ©So(3)j^ geometry in dimension nine ad- 
mitting a unique so(3)l ©So(3)fl connection with totally skew symmetric torsion is 
nearly integrable. 



Proof. See formula (5.4) and the Proposition 15. 2 1 □ 



Definition 5.8. The unique so(3)i © so (3)/i;- valued connection F of a nearly inte- 
grable SO(3) X SO(3) geometry (Af^, T, w), as described in Theorem 5.7 is called 
characteristic connection for the geometry (Af ^, g, T, w). 

We close this section with a proposition, which relates the torsion of the charac- 
teristic connection of a nearly integrable structure T,w), and the exterior 
derivatives dw and d * w. 

Proposition 5.9. The derivatives dw and d * lo of the structural 4-forms uj and 
*Lij of a nearly integrable geometry {M^,g,T,uj) decompose as: 

(5.6) dcj e V[2,2] ® V[2,4] ® ^[4,2] ® V[4_4] , 
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and 

(5.7) d*a; e V[o,2] © Vp^o] ® V[o,6] © V[6,o] © V[2,4] © %2]- 

In particular, the torsion T G /\'^M^ o/ the characteristic connection is related to 
these decompositions via: 

dw = ^ ( T e ^[0,2] © Vl2fi] © V[o,6] © %,o] C A^K' ) , 

and 

d*a; = 0-^(Te V[2^2] © ^[4,4] C A^^ 



Proof. It follows from the 1st structure equations (4.6) that the derivatives dw 
and d * cj are totally expressible in terms of the torsion components Tij^ of the 
characteristic connection. It is also clear that the relations between da; and d * w 
and the torsion is algebraic, and linear in the componets of T. Thus each of duj and 
d * must be contained in an 84-dimensional SO (3) x SO(3)-invariant submodule 
of the respectives modules A^^^ - A'' ^[2,2] and A^^^ - A^^[2,2]- 

Now a quick calculation using Maple/Mathematica shows that the equation dcj = 
imposes 64 conditions on the 84 components of the torsion. Similarly, one can 
chceck that the equation d * = imposes 50 conditions on the torsion. Thus do; 
has 64 independent components, and d * w has 50 independent components. 

Comparison of these numbers with the SO(3) x SO(3) decompositions of A''^[2,2] 
and A^^[2,2] given in Proposition 3.1 quickly yields to the conclusion that dw and 



d * a; must be in the submodules of A and A indicated in the proposition. 



To get the decompositions (5.6l-(5.7l explicitly, dualize the forms dw and d * oj, 
i.e. calculate *dw, and *d * w, and use the respective operators defined in Section 

s ' □ 

Note that it follows from this proposition that if the torsion T of the charactersitic 
connection has a component in V[2,4], or in V[4 2], then the forms dw and d * oj are 
both nonvanishing. 



6. Examples of nearly integrable S0(3) x S0(3) geometries 

We begin this section by considering the most general situation of a nearly in- 
tegrable irreducible geometry {M^,g, T,aj). Thus, its characteristic connection has 
a general torsion in A I^^- 

The group SO(3) x SO(3) acts on the torsion space A in the following way. 
One of the SO(3) groups in SO(3) x SO(3) is just exp(so(3)L). The other is 
exp (so(3)ij). Thus we have 

SO(3) X SO(3) = SO(3)l x SO{3)r 

with 

SO(3)l = exp (so(3)l), SO{3)r - exp (so(3)fl). 
The 9x9 matrices h E SO(3)i and h' e SO(3)jj act on the torsion coefficients 
T^jk via: 

(6.1) ^, 
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There is an obvious invariant of both of these actions. It is the square of the torsion: 



(6.2) = T,,feTp,,ffV V- 

Thus the 84-dimensional space A is foliated by the SO(3) x SO(3)-invariant 
83-dimensional spheres 

parametrized by the real parameter r > 0. The group SO(3) x SO(3) preserves 
these spheres. But, for the dimensional reasons, its action is not transitive on them. 
Note that if one restricts the torsion, forcing it to lie in an SO(3) x SO(3)-invariant 
submodule of /\ , then the restrictions of the spheres St to this submodule will 
be still invariant with respect to both actions, but the quadrics obtained by this 
restriction will have smaller dimension than 83. 

For example when the torsion Tijk is in the invariant module so(3)l C /y^M^, 
the spheres St restrict to 2-dimensional spheres. In such case the 3-dimensional 
torsion space so(3)i, ~ M.^ is foliated by 2-dimensional spheres with radius r and 
center at the origin - the zero torsion. The orbit space of the action of the groups 
SO(3)l and SO{3)]^ on these spheres will be discussed in the next subsection. 



6.1. Torsion in V[o,2] — so{3)l- The aim of this section is to find all nearly 
integrable irreducible geometries {M^,g,T,uj), whose characteristic connection F 
has totally skew symmetric torsion T in the irreducible representation so(3)l, 

reso(3)L c A^R^. 

An assumption that 

reso(3)L c A^K^ 

is equivalent to the requirement, that in a coframe 9^, adapted to (M®, g, T, w), we 
have 

CiT)ijk = ~5Tijk, and Cj{T)^jk = 4Tijfc. 

The last two conditions mean that, in accordance with the results of Section [3] the 
torsion is in the intersection Zq n Zis- These algebraic conditions for Tijk can be 
easily solved. The result is summarized in the following proposition. 
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Proposition 6.1. In an adapted coframe (6^) the so(3)l torsion of the character- 
istic connection of a nearly integrahle geometry (Af®, (/, T, oj) reads: 
(6.3) 

= -3^36'^ A 6*3 + ^26*2 A 6*^ - ^i6|2 A 61^ - i2e^ A + ii6i3 A - t^iO"^ A 9^- t^O^ A 

= 3i36|i A 61'^ - t20^ A0^ + ti9^ A0^ + t20^ A 9^- ti9^ A 61^ + t39^ A9^ + t39'^ A 9^ 

^ -~3t39^ A 6*2 + t29^ A 6*5 - ti9^ A 9^ - t29^ A 9^^ + ti9^ A 0^ - t39^ A 9^ ~ t39'^ A 9^ 

t29^ A9^ - t39^ A 9^ + t39^ A 9^ + 3^36*^ A9^~ ti9^ A9^ + ti9^ A 9^+ t29^ A 9^ 

= -t29^ A 9^+ t39^ AO^ - t39^ A 6** - 3i2^'' A9'^ + ti9^ A 9^- ti9^ A 6*^ - t29'' A 9^ 

= t29^ A9^ ~ t39^ A9^ + t39^ A 9"^ + 3t29'^ A9^ ^ ti9'^ A 9^ + ti9^ A9'^ + iafi"^ A 9^ 

= -ti9^ A9^ - <36|2 A 6*9 + t39^ A9^ - ti9"^ A9^ + ^26'^ A9^ - t29^ A6^ - 3ti9^ A 9^ 

= t^9^ A 9^ + t39^ A9^ - t39^ A9'^ + ti9^ A 9^ - t29^ A 9^ + t29^ A 9'^ + 3ti9'^ A 9^ 

= -ti9^ A 6*2 - t39^ A 6** + t39^ A 6*^ - ti9'^ A 9^ + t29^ A9^ - ^26*^ A 6*^ - iti9'^ A 9^. 
Here (ti,i2,i3) oltc the three independent components of the torsion T. 
Remark 6.2. Rewritin g the above equations in terms of the basis of 2-forms (k^, , 



Aq , Aq ); as in Remark 3.4 one can see that only the primed 2-forms appear above. 
Explicitly: 



(6.4) 







-t2A[;' + it3(54-4Ai]' + 


2AJM 




= <iAq — t 


2Ai^' + |i3(-54 +4A2' - 


2A11') 


rpZ 




-t2A^' + it3(54-4Aj' + 


2AJ°') 


rjn4 


= -iiA^^ 


+ it2(-54 -2A3' +4AJ2 


)~t3X 


rpb 


- tiA^ + 


|i2(54+2A^'-4Aj^') + 






= -iiAj^ 


+ it2(-54' -2Ai' +4Ai" 


)-t3X 


J.7 


— |ii(5Ko 


+ 2X1' +2Xl^''') + t2Xf ~ 


isAo 




— — |ii(5K 


+ 2Ao + 2Xq^ ) — t2Aj'* 


+ tsX^o 


2^9 


— |ii(5Ko 


+ 2X1' +2Xf) + t2Xl{'' - 


isAo • 



Once the torsion in so (3) ^ ~ M"^ is totally determined and parametrized as above 
by a 'vector' t = (^i, t2, ^3), we can check what are the orbits of the action of the 
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groups SO(3)l and SO(3)ij on the torsion space so(3)l ~ M^. A direct calculation, 
yields the following two propositions: 



Proposition 6.3. The action o/SO(3)fl on V[o,2] —so{3)l, as defined in (6.1) is 
trivial, i.e. 

{h'T),,k = T.jfe, W e SO(3)fl, and Vr,,fc e V[o,2] = so(3)l. 

On the other hand the action of SO(3)l turns out to be as transitive as it is 
only possible (remember that SO(3)l can not join torsions on 2-spheres §t with 
different radii): 

Proposition 6.4. The group SO(3)l acts transitively on each oj the 2-spheres 
St C5o(3)l. The orbit space of the action o/SO(3)l on so{3) ~ is E+ U {0}, 
and is parametrized by the radius r of these spheres. Thus the orbit structure of 
this action is represented by 

50{3)l = X M+ U {0}. 

Proof. The proof of both propositions above consists in a pure calculation. Here 
we comment only on a (useful) formula for the transformation of the torsions under 
the action of SO(3)l. 

Using the usual notation for the standard scalar product of vectors v and w 
in M^, < v,w >= v-w, we anounce that the torsion coefficients t' = {t'i,t2,t';^) 
transformed by SO(3)i read: 

t[ = t-ni, t2 = t-n2, <3 = t-na, 

where the vectors n^j, /i = 1, 2, 3 are three vectors in M.^ given by 

cos a2 cos as 
ni = I cos 03 sin ai sin 02 + cos ai sin 03 
cos ai cos aa sin 02 + sin ai sin aa , 



— cos a2 sin aa 
n2 = I — sin oi sin 02 sin aa + cos ai cos aa 
cos ai sin 02 sin aa + cos aa sin ai 



sma2 

na = I — cos a2 sin ai 
cos ai cos a2 

They are related to a general element h of the transformation group SO(3)l via: 
h = exp(aiei)-exp(a2e2)-exp(a3e3) e SO(3)l, 



where (61,62,63) are the Lie algebra so(3)l generators given by formulae (2.131. 
Note that the three vectors (ni,n2,na) are orthonormal, n^-n^ = (5^,^. Note also 
that when the group element h passes through all the elements in 80(3)^ the three 
orthonormal vectors (ni, n2, na) became every possible orthonormal frame attached 
at the origin of M^. This means that given a torsion vector t = (ti, t2, ^3) G so(3)l ~ 
M.^ we can always find an element h in the group SO(3)l which alligns the first 
vector ni of the frame (ni,n2,na) with t. This makes 



t[ = Jti + ti + ti t'2^0, t^ = 0. 
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This shows that every torsion vector t — (ti,t2,t^) G so(3)l may be transformed 
to the vector (||t||,0,0). This, in particular, proves the transitivity of the SO(3)i 
action on spheres with a given radius T = ||t||. □ 



Now we analyse the differential consequences of the structure equations (4.6) 



(4.7l with torsion T* as in (6.3l. We consider the equations ( |4.6[ )-(4.7 1 on the 
bundle SO(3) x SO(3) P ^ M. Thus the 15 forms (6'%7^,7^') appearing 
in these equations are considered to be linearly independent. Also the unknown 
torsions (^1,^2,^3), as well as the curvatures, K'^j^i^ a-re considered to be functions 
on P. 

A piece of terminology is useful here: whenever we make an analysis of a system 



of equations like the one given by (4.6l-(4.7l, (6.3), we will say that we analize an 



exterior differential system - an EDS. 

Although we have proven above that we can always gauge the 3-dimensional 
torsion (^1,^2,^3) of our EDS in such a way that ^2 = is = 0, we will not use this 
gauge yet. This is because the use of this gauge would imply the restriction of 
the EDS from 15-dimensional bundle P to its 1 3-dimensional section P^^. Since 
the analysis of the system is more convenient on P, rather than on P^^ (because 
only from there the system nicely generalizes to torsions more general than those in 
so(3)l); we will make the gauge t2 = t^ = only, after extracting the information 
from the first Bianchi identities of our EDS on P. 

The first Bianchi identities are obtained by applying the exterior derivative on the 



both sides of equations (4.6). Their consequences are summarized in the following 
proposition. 

Proposition 6.5. The first Bianchi identities imply that 

dti = t2j^ - <37^ 
(6.5) dt2 = ^37' - hl^ 

dts = ii7^ - t27\ 



and that the curvatures {k^,k'^ ), as defined in (4-'^l), read: 



(6.6) 



1 




+ 


il^2 


+ 






2 






+ (fc- 




-tl) kI + 


^2^3 '^0 


3 


= htz 




+ ^2*3 




+ {k-t\ 


-f tg) Kq 


1' 


= (fc4 


-tl 


+ 2tl + 


2t^) 






2' 


= (fc4 


-tl 


+ 2tl + 




4 




3' 


= (fc4 


-tl 


+ 2tl + 









Here k is an unknown function on P, and the forms {kq, Kq ) are defined in (3.1 ) 



Thus, the first Bianchi identities show that the curvature of the characteristic 
connection is totally determined by the torsion (ti, ^2,^3) and an unknown function 
k. 

Proof, (of the Proposition). To apply the first Bianchi identities, one needs the 
derivatives of the torsions ti. So we assume the most general form for these: 

(6.7) dt^ = t^jO^ + t^Al^ + t^A'l^\ M = 1, 2, 3. 
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Here tf^j,tf^A,tfj.A' are (3*9+3*3+3*3)=45 functions on P, which we hope to de- 
termine by means of the first Bianchi identities d^6'' = 0, i ~ 1,2, ...,9. Note 



that if one appHes the exterior differential to the equations (4.6 1, the d of the right 
hand sides must be zero, d(rhs) = 0. Inserting our definitions (6.7) in these identi- 



ties, we obtain nine identities each of which is a 3-form on P. Decomposing these 
nine 3-forms onto the basis of 3-forms on P, which consists of the primitive forms 
6' A 63 A 6'', A A 7^/^' , 6'* A 7^/-^' A 7-^/-^' , and 7^/^' A -j^l^' A 7^/^' , one gets 
relations on the unknown functions t^j^t^A^t^^A' and the curvatures K^j^i- 
Analysing these relations step by step we get the following: 

• First, we consider terms at the basis forms 9^ A 6^ A ^^/^ . This gives 18 
conditions determining all the functions t^A and t^j^A' hi terms of (ii, t2, t^). 
After solving these 18 conditions we get: 

dt2 = ^37' - ^17' + hjO' 

dt3 ^ t,j^ - t2j^ + h^e^ . 

• Second, the terms at the basis forms 9^ A 9^ A 9^^ when equated to zero, 
can be split into two types of equations. The first type is obtained by 
eliminating the curvatures K^j^i from the full set. This yields a system 



of linear equations for the unknowns tnj, whose only solution is 



0. 



After these conditions are imposed the second type of equations, involves 
the curvatures if'.-j.; only in a linear fashion. It has a unique solution for 



the curvatures, which explicitly is given by (6.6 1. 

Third, after imposing the conditions described above, all the other terms 
in d^0* are automatically zero. 



This proves the proposition, and also shows that the conditions (6.5l-(6.6l on the 
curvature and the derivatives of the torsion are equivalent to the first Bianchi 
identities of the system in consideration. □ 

Now we are in a position to impose the gauge 



(6.8) 



0. 



Proposition 6.4 guarantees that every nearly integrable SO (3) x SO (3) geometry 
with torsion in so(3)i admits an adapted frame in which the conditions (6.8 1 hold. 
But the asumption of the gauge (6.8 1 reduces the degrees of freedom by 2, from 
15 to 13. This means that we reduce the equation of our EDS (4.6l-(4.7l, (6.3) 
from dimension 15 to dimension 13. Also the differential consequences (6.5l-(6.6) 



of this EDS must be reduced to dimension 13. This in particular means that the 
fifteen 1-forms {0%7"^,7"^ ) can no longer be linearly independent. This obvious 



observation finds its confirmation in the integrability conditions (6.5l-(6.6l. 

Indeed, assuming t2 = = 0, and comparing it with the last two integrabilty 



conditions (6.5) yields 



0, 



and 



hY = 0. 



These, when confronted with the assumption that the torsion T' is not vanishing 
in a neighbourhood, implies that 



(6.9) 



7^ = 0, 



and 



7^ = 0. 
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Thus the EDS (4.6l-(4.7l, (6.3 1 naturally reduces to 13-dimensions, and has now 
thirteen 1-forms (0* , 7^ , 7'^ ) linearly independent at each point of the 13-diniensional 
manifold, which we previously called P^^. 

The relations (6.9 1 have further consequences, for if we compare them with the 
second and the third equation (4.7 1, we see that 

,,2 



0, 



and 



0. 



If we now compare these with (6.9 1, and the second and the third of integrability 

and {k - t\) = 0. 



conditions (6.6 1, we get 

{k-t\) = 
These hold iff 

which we have to accept form now on. Note that this totally determines the function 
fc, which was a misterious unknown in Proposition |6.5| 

Finally, if we insert ^2 = ^3 = in the first of the integrabilty conditions (6.5 1, 
we get also that 

dtl EE 0, 

i.e. that the function t\ must be constant on the 13-dimensional reduced manifold 
P^^ on which our EDS lives. 

These considerations, when compared with the rest of the integrability conditions 
(6.61, prove the following proposition. 

Proposition 6.6. Every nearly integrable SO(3) x SO(3) geometry {M^ , g,T ,Ld) 
with a nonvanishing torsion T of the characteristic connection lying in so(3)l — 
^[0,2]) T € so(3)l, can be described in terms of thirteen linearly independent 1-forms 
i9\-f\j^'), 2 = 1,2,..., 9, ^' = 1,2,3, satisfying 

d9^ = 7I A + 7I' A + 7^' A 6*^ + t {-e"^ A 6^ + 6^ A 0^) 

d9^ = 7I A 61^ - 7I' A + 7^' A 61^ + < {6^ A 9^ - 9^ A 6*^) 

d9^ = 7I A 61^ - 7^' A - 7^' A 6*2 + < (-9^ A 9^ + 9^ A 9'^) 

d9^ = -7I A 6*1 + 7I' A 61^ + 72' A + 1 (-0^ AO'^ + 9^ A 9^) 

^9"^ = -7I A 6*2 - 7I' A ei-* + 7^' A + 1 {9^ A 9° - 9^ A 9^) 

d9^ = -7I A - 7^' A9^ -j^' A9^ +t {-9^ A 9^ +9^ A 9"^) 



(6.10) 



d9^ 



7I' A9^ +^^' A9^ -t {9^ A 6*3 



A 9^ + 39^ A 9^) 
d9^ = -7I' A 6*^ + 7^' A 6*^ + t {9^ A 9^ + 9^ A 9^ + W'^ A 9^) 
d9'^ = -72' A 6*^ - 7^' A 6*^ - i {9^ A 9^ 



^ A 9^^ + 39^ A 9^) 



dj^ = t^ {9^ A 9^ + 9^ A 9^ + 9^ A 9^) 



(6.11) 



d-i^ 



-7^' A 7^' + 2t2 (6*1 A9'^ + 9^ A9'^ + 



f A 9^) 



d'y'^' = -7^' A 7^' + 2t2 (6*1 A9^ + 9^ A9'^ + 9'^ A 9^) 
d73' = -7I' A 7^' + 2t^ if A9^ + 9^^ A9^ + 9^ A 9^). 
Here dt = 0, i.e. the function t is constant. 
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Note, that the system (6.10l-(6.11 1 uivolves only constant coefficients on the 
right hand sides. Thus the manifold P^^ is a Lie group P^^ — Q^^, with the 
forms (6**, 7^, 7^ ) constituting a basis of its left invariant forms. A calculation 



of the Killing form for Q^^, by using the structure constants red off from ( |6.10[ )- 
(6.111, shows that this group is semisimple, unless the torsion t = 0. The group 
Q'^'^ is a transitive group of symmetries of the underlying nearly integrable ge- 
ometry {M^,g,T,uj). The 9-dimensional manifold AI^ is a homogeneous space 
— Q^^ /H, where iJ is a certain 4-dimensional subgroup of g^^. The structural 
tensors g, T and oj of the corresponding SO(3) x SO ( 3) str ucture are obtained, 
via formulae (2.8l, from the 1-forms (0*) solving (6.10 1-(6.11 1. The system (6.10)- 



( |6.11[ | guarantees that although tensors g,T,uj defined in this way live on Q^^, they 
actually descend to tensors g,T,Ld on the manifold — Q^^/H. defining a ho- 
mogeneus nearly integrable geometry (Af^, (7, T, oj) with 13-dimensional group of 
symmetries Q^^ there. 

For t — Q the Lie group Q^^ is just a semidirect product (SO(3) x SO(2)) x R^. 
For t 7^ 0, by considering the new basis of 1-forms 



7^ = 
0~7 = 



t6\i 
- „/i I 



= 1,. 
2td\ 



.,6, 

- 2 

7-1 

^8 = 



73 = y3 _^ ^q7^ 



q9 — 



7'i + 2^61^ 



one sees that for any t 7^ the Lie group Q^^ is the product SO(3) x K^'^ with 
structure equations 





= 7I A fii"^ + 


7I A 02 


72 A 03, 


d0^ 


= 7I A ^5 - 


7I A 01 + 


73 A 03, 


dO^ 


= 7I A ^6 _ 


72 A 01 + 


72 A 02, 


dO^ 


= -7I A 01 


+ 7I A 05 


-f 72 A 06 


de^ 


= -7I A 


- 7I A 04 


+ 73 A 06 


d0^ 


= -7I A 


- 72 A 04 


- 73 A 05 


d-f^ 


= 6*1 A 6(4 + 


02 A 05 + 


03 A 06, 


dj^ 


= -7^ A 7^ 


+ 01 A 02 


+ 04 A 05 


df 


= -7^ A 7I 


+ 01 A 03 


+ 04 A 06 


^73 


= -7I A 7^ 


+ 02 A 03 


-1- 05 A 06 


de'^ 


= 08 A 09, 






de"" 


= 09 A 0^ 






de^ 


= 07 A 08. 







To say what is we calculate the KiUing forms. In the basis (0i, 02, 03, 04, 05, 6*6, 7I, 
7I, 72, 73, 07, ^8, ^9) the Killing form of reads: 

Kih:i = diag(6, 6, 6, 6, 6, 6, -6, -6, -6, -6, -2, -2, -2). 

71,71,72,73). Its Killing 



The Lie algebra of K^^ is spanned by '^^ 
form in this basis is: 



6 ^,1 ^,1 ;;,2 



KiliQ = diag(6, 6, 6, 6, 6, 6, —6, —6, —6, —6), 

showing that K^'^ is semisimple, and as such, having dimension 10, it must be 
locally isomorphic to a noncompact real form of SO(5,C). Comparison of Killing 
forms for SO(l,4) and SO(2,3) shows that is locally SO(2,3). 
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In both cases {t — and t ^ 0) the Lie algebra of the group H — SO (3) x SO (2) 
is given by the annihilator of the 1-fornis 9^ , i = 1,2, ...,9. 

After calculating the curvatures of the various connections associated with this 
geometry we get the following theorem. 

Theorem 6.7. Every nearly integrahle irreducible SO(3) x SO(3) geometry {M^, g, 
T,uj) with torsion of the characteristic connection T in Vjo,2] = So(3)l is locally a 
homogeneous space Q^^ / H . It has a transitive symmetry group Q^^ of dimension 
13. For t = Q the Lie group Q^^ is a semirect product (SO(3) x SO(2)) x and 
for t ^ Q it is a direct product SO(3) x SO(2,3). 

The metric g is conformally non-flat and not locally symmetric. The Ricci 

LC 

tensors of the Levi-Civita connection T , of the characteristic connection T, and of 

the so(3)i part r of the characteristic connection have all two distinct eigenvalues. 

The so(3)/i part T of the characteristic connection is Einstein. 
Explicitly, in the adapted coframe (9^) in which the structure equations read as 
in [6.10) and in which the structural tensors g,T,u} are given by (2.8), we have: 



The Cartan connection Fcartan has the curvature given by: 



I 







(1 + ^2)4 













-(1 
(1 



2t^)KQ 

.2 



1' 



2^2)^2' 



-(1 



T2 
rp5 



+ 2t2)K3' 



(1 
(1 



r^3 

-2t^) 
-2t^) 




where the torsions T* are given by (6.4-) with ti = t = const, ^2 =^3 = 0. 
The Levi-Civita connection Ricci tensor reads: 



LC 

Ric -■ 



liag( 



4r,-4r.-4r,-4r 



-4r,-4r 



3 .2 
2 ' 



3 .2 

2 ' 



3.2 

2^ 



and has the Ricci scalar equal to — ^t^. 

The so(3)l part r of the characteristic connection has the curvature 

+ 2 1 



where the matrix ei = (ei*) is given by (2.13). It has the Ricci tensor R. 



given by 

ftj =diag(-^^-^^-^^-^^-^^-^^ 0, 0, OJ 
with the Ricci scalar equal to —6t^. 

The so{3)n part T of the characteristic connection has the curvature 
n = -2t^n^'eA', 



where as before the matrices ca' 
tensor is Einstein 

Rij 4i gij ^ 
and has Ricci scalar equal to —?iQt^. 



i^A']) o,re given by (2.13). Its Ricci 
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+ 

• The characteristic connection T — T + T has curvature 

fl = i} + n = -t^nlei - 2t^KfeA' 
and the Ricci tensor 



Ri 



dia: 



iag( 



5^^ -5^^ -5^^ -5^^ 



-bt\-bt\-At\-At^ 



-At' 



6.2. Torsion in V[o,6] • Now we find examples of nearly integrahle geometries (M^, g, 
T,uj) in dimension nine, whose characteristic connection F has totally skew sym- 
metric torsion T in the irreducible representation Vjo^g]; € Vjg.g] C /\ M^. 

The assumption that T E Viofi] C is equivalent to the requirement, that 

in a coframe 0*, adapted to {M^ , g,T ,Ld), we have 



Tijk — T[ijk], and Cj{T)ij^. — —QTij^. 



Solving these algebraic conditions for Tijk we get the following proposition. 

Proposition 6.8. In an adapted coframe (9^) the V[o.6] torsion of a characteristic 
connection of a nearly integrahle geometry {M^,g,T,uj) reads: 



(6.12) 



J.1 






- U2Ai^^' - UgAi^' 


- U4A0 - U5A0 - UqXI 


-U7XI 




= ui(Ao' - 


-Ar)^ 


-U2Aj'^ +U3A0 ^ 


" U4A0 + U5AQ 4- UgAg 4 


ujX^' 




= ^ii(-Ao 


+ Ar) 


- U2A" - ligAj 


- U4A0 - usA^ - wgAo 


- U7XI 


rpA 


= uiXt - 


u2Ai^' 4 


7.4(-A3'+A12') 


+ wgAo^' " ueAo' 








+ W2Ag' 


-f«4(A^'-Aii') 


- wsAq^ + ugAp 






\4' 


U2A0 4 


7.4(-Aj'+Ai"') 


+ u^X}^ - ugAo 




T' 


= -'"2A0 


+ waAfS' 


+ U5(-Ai^' + Aj2' 


) + u^Xf - mX% 






= U2A^' - 


UgA^' 4 


«5(Ag'-AjiV 


UqXI'^ +M7A0 




rp9 


= -M2A0 


+ W3A0 


+ U5(-Aj'+Ar 


) + UgA" - UjXl , 





where (ui, U2, M3, U4, U5, Ug, U7) are the seven independent components of the tors ion 
T, and (Aq ), /i' 



1,2, 



,15, is a hasis of 2-forms in V[4,2] defined in (3.3) 



Now we have an analog of Proposition |6.3 



Proposition 6.9. The action 0/ 80(3)^ on Vjo^e]; '^■^ defined in (6.1), is trivial, 
i.e. 

{h'T),jk Tijk, V/i' e SO(3)/i, and VTjjfc G V[o,6]- 

The 'left' SO(3) acts nontrivially on Vjo^g] • It has a 4-parameter family of generic 
orbits in this 7-dimensional space. As in the V[o,2] case, instead of restricting 
ourselves to the representatives of these orbits, we will analyze the EDS (4.6)- 



(4.7l for the torsion in V|o g] , with general torsions (ui, M2, W3, M4, U5, ug, U7) as in 
( 6J2| . Thus the EDS (|46 l-(|4j]), ( |6.12| we consider, Hves on the Cartan bun- 

"f^ ) are linearly 



die SO(3)l X SO(3)fl ^ P 
independent at each point. 



M, where the 15 forms 



,7 



Now the V[o 6] analog of Proposition 6.5 reads 
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Proposition 6.10. The first Bianchi identities d^0' = 0, for the EDS (^.6)-(^.?), 
(6.12) imply that: 

dui — (3m4 + 2ug)^^ + U57^ — 2u27^ 



(6.13) 



du2 
du4 

dug 

due 
du^ 



~{2u5 + ^7)7^ - (u4 + 2ue)j^ + {ui - 1/3)7^ 

W67^ + (2u5 + 3m7)7^ + 2u27^ 

— 3mi7^ + 3m57^ 

2u27"^ - ui7^ + (2?ie - u^)j^ 

-M37I + 2u27^ + {u7 - 21*5)7^ 



-3m37^ - 3m67^, 
and i/iai i/ie curvatures {k^,k^ ), as defined in (^.9), are: 



(6.14) 



1 


= fci 


- fc2 


4 H 


h fc3 


Kq 


to 




- ki 






Kq 




= fcs 4 


- h 




h fee 


K^ 
Kq 


1' 


= fcy Kq 










2' 


— ki Kq 










3' 


— kl Kq , 











where: 



{U4 + 2uq)u7 



(6.15) 



2{ui + 1*3)712 - (2?i4 + 3u6)m5 
2U2M4 + (2ui — u^)u^ + M1U7 
fci + 2u1 — 2u\ + 2u\ + 2u4Ug — 2M5M7 — 2M7 
— U3M4 + (ui — 2^3)^6 — 2U2W7 
A:i + 2u\ + 2uiU3 + 2u\ + 4'U47i6 + 2M5U7 
fci + 2u^ + + M1U3 + 2u\ + u\ + 3U4W6 + ?ie + M5U7. 

Here ki is an unknown function, and {kq,Kq ) are given by {3.1). 



ki 
h 

kr 



Proof. The proof here is very similar to the proof of Proposition |6.5| So we first 
assume the most general form for the derivatives of the torsions u^: 

.A' 



(6.16) 



dui, 



1,2,. 



Here w^j, w^yi, u^a' are (7*9+7*3+7*3)=105 functions on P, which we will deter- 
mine by means of the first Bianchi identities d^0* = 0, i = 1,2, ...,9. Inserting 
our definitions (6.16 1 in these identities, we obtain nine identities each of which 
is a 3-form on P. We decompose these nine 3-forms onto the basis of 3-forms on 
P, 9' A 91 A 9'', 9"- A 91 A 7^/^', 9^ A 7^/^' A 7-^/-^', and 7^/^' A -f^/^' A -y^/^' . 
This brings the relations between the unknown functions Uf^j,tfj_A,tfi,A' and the 
curvatures K'^j^i. 

Analysing these relations step by step we get the following: 

• First, we consider terms at the basis forms 6*' A 9^ A 7"^/^^ . This gives 42 
conditions determining all the functions u^j^a and u^a' in terms of (u^). 
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After solving these 42 conditions we get: 

dui = (3u4 + 2^5)7^ + 1*57^ — 2u27^ + uijO^ 

du2 = -(2w5 + 7/7)7^ - (u4 + 2u6)7^ + ("1 - "3)7^ + U2jO^ 

du3 = U67^ + (2U5 + 37/7)7^ + 2li27^ + U3jd^ 

du4 — — 3ui7"'^ + 3w57'^ + U4j9^ 
du5 = 2u27^ — Mi7^ + (2u6 — ""4)7^ + u^jO^ 
dufi = -M37^ + 2u27^ + [u-j - 2^5)7^ + uqj9^ 
du-; = — 3u37^ — 3w67'^ + uij9^ . 

• Second, the terms at the basis forms 9^ A 9^ A 9^ when equated to zero, 
can be spht into two types of equations. The first type is obtained by 
eliminating the curvatures K^j^i from the full set. This yields a system 
of linear equations for the unknowns t^j, whose only solution is u^j — 0. 
After these conditions are imposed the second type of equations, involves 
the curvatures K'jj^^ only in a linear fashion. It has a unique solution for 
the curvatures, which explicitly is given by (6.14l-(6.15l. 

• Third, after imposing the conditions described above, all the other terms 
in d^9^ are automatically zero. 

This proves the proposition. □ 



The next proposition determines the derivatives of the unknown k 



Proposition 6.11. The second Bianchi identities d^j^ = = d^7^ , A, A' — 
1, 2, 3, imply that 

(6.17) dfci = -2fc372 + 2^27^- 

Proof. To prove this we write dki in the most general form 

and consider the terms 9^ A 9^ A 7^^/"^ in the decomposition of d^7'^/"^ . This 
immediately yields: 

kiA'=0, VA' = 1,2,3, 

and 

fell = 0, ki2 = —2^3, and fci3 — 2^2- 
Eliminating u^s from the equations implied by equating to zero the coefficients at 
the terms theta^ A 9^ A 9^ in d^7"^/^ = 0, shows that all the remaining coefficients 
kii in dki must also vanish 

ku = Q, Vi = l,2,...9. 
This finishes the proof. □ 



The lack of the 9^ terms on the right hand sides of equations (6.131 and (6.17) 
proves that the functions and fci, and as a consequence the functions ^2, . . . , fc7, 
are constant along the base manifold M . They depend only on the fiber coordinates. 
Moreover, since only 7"^s appear on the right hand sides of these equations, they 
only depend on the fiber coordinates associated with 80(3)^. This means that 
there exists a SO(3)l gauge in which all the functions u^, ki, . . . ,kT are constant. 
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This is the same to say that there exists a subbundle Q of P, with fibers of at least 
as large as SO(3)7?, on which we have 



dun 



= dfci 



dkv 



To see the examples of such solutions we look at the fourth and the seventh of the 
equations (6.131. Since we want du^ = duy — 0, we obtain that: 

Now, assuming that ui ^ ^ u^, we solve it for 7^ and 7^, obtaining: 



(6.18) 



7 



Ul 



and 7 



-^73. 
"3 



Thus these equations show that we have reduced our original manifold P to its 
13-dimensional submanifold G on which the forms 7^ and 7^ become dependent on 
7"^. On this manifold we further want that du^ = for all = 1, 2, ... 7. Inserting 
(6.18 1 into the right hand sides of equations (6.131 for dui, du2, du^, du^, dwg, and 
equating the result to zero, we obtain the five equations: 

2M1U2U3 — 3u3lt4U5 + UiU^Uq — 2U3U^U6 — 

+ U1U4UQ + 2uiUg — u^u^uj 
2M1U2U3 — 2U1W5U6 + U'iUc^'^Q — iuiu^u-j = 

U1U3U4 — 2W2U3U5 — UiUq — 2M1U3U6 = 
2M1U3U5 + M3U5 + 2uiU2Uq — M1U3U7 = 

A particular solution is given by: 



W1U3 



uiul 



(6.19) 



M2 



W4 



M5 



U7 = 



3"6 - "3 

U6(Mlti| — 3uiM§ — 2U3U§) 

Ul y^Ulu'^ — U^ + UlUg + 4U3U| 

M3\/4wi + W3 



U3(3m| 



U3 



Of course we restrict the range of the free real torsion parameters ui, and ug, 
so that U2, U4, M5 and M7 are real and finite! This happens e.g. for —1 < ^ < 4, 



Uq ^ ±^ iw3 7^ 0. 

This solution is compatible with the structure equations 

d7^ = -7^ A 7^ + 

d7^ = -7^ A 7^ + 



having hi^ , k} and ic" as in (6.14), and with dki = if and only if 

4m3m|) 



^ ^ 4(uiMg + uiul + u-iu\Y[uiu\ - 
^ w§(4ui + U3)(m§ 



(6.20) 

This leads to the following proposition 



uiu\ 



3«i)2 



Proposition 6.12. Assume that th e for ms 1 
dO"^ , dj^ , and dj^ as in the system {4-6)-{4-'^, 16.12^ with 



satisfy the equations for 
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the forms '^^ and 7^ given by { 6.18), 
the coefficients Ui, U3 and Ug being constants, 
the coefficients U2, U4, U5 and u i give n by jel^) , 



the curvatures , given by {6.14-)-{6.15) and (6.20) 



The 



• the equations for d"f^ and in the system (^.6)-(^.7), (6.12) are auto- 
matically satisfied, and 

• the Bianchi identities d^0* = — d^7"^ = are also automatically 
satisfied. 

In such a case the manifold on which the forms {6^,^^,"f^ ) are defined becomes a 
13- dimensional Lie group Q^^ , with the forms (0*,7'^,7"^ ) being its Maurer-Cartan 
forms. The Lie group Q^^ is a subbundle of the bundle SO(3) x SO(3) P ^ , 
so that the manifold is a homogeneous space ~ Q^^ / H , with H being a 
certain 4^- dimensional subgroup of Q^^ containing SO(3)i{. The nearly integrable 
SO(3) X SO(3) structure {g,T,uj) on is given by 9^s and the formulae (2.8). 
For all of these geometries the metric g is conformally non-fiat and not locally 

LC 

symmetric. The Ricci tensors of the Levi-Civita connection T , of the characteristic 

connection T, and of the 00(3)1, part TofT have all two distinct eigenvalues. 

The 5o(S)r part T of the characteristic connection T is Einstein. 
Explicitly, in the adapted coframe (0*) in which the structure equations read as 
in (6.10) and in which the structural tensors g,T,uj are given by (2.8), we have: 



The eigenvalues of the Levi-Civita connection Ricci tensor read: 



45s, 45s, 45s, 55s, 55s, 55s, 55s, 55s, 55s 



where 



The Ricci scalar is equal to 465s. The Levi-Civita connection is never Ricci 

4 + uiul + Usui 



flat, because the equation + + u^u^ = contradicts the reality of 



U2, U5 and uj. 

The so(3)l part TofT has the curvature f2 — k'^ca, with 



4(mim§ + uiul + U3M§)^(uiM§ - "3 + "I'^i + 4M3Mi) 1 
ui(4ui+W3)(wi-3ui)2 

4ug(MiU3 + UiUq + U^Uq)"^ y/uiu"^ — U3 + + 4u3u| 2 

M§V4W1 +M3(W3 - 3u|)2 ° 

4(uiu§ + Ulul + us^i)^ V '"I'^i — ul -\- uiul -\~ 4u3? 



u^^yAui + M3(u§ — 3m§)2 



'6 ^,3 
^0' 
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2 

6 .A 



4Mg(umg + mug + U'julY .2 4M6(mMi + uml + "3^ti)^ 3 



2\2 



M3(u§ -iulY 



4(wiM§ + uiUg + uml)^\/uiul — M3 + ui^i + 4u3m| 1 



4m6(MiM3 + uml + "3"!)^ 
M3(u| - 3ui)2 



4(mtt§ + ttml + ^3^1)^ 
(ui-3^i)2 



and f/ie matrices ca = (ea)) given by (2.13). It has the Ricci tensor R 



with two different eigenvalues 

(o, 0, 0, 20s, 20s, 20s, 20s, 20s, 20s ] 

with the Ricci scalar equal to 120s. 
• The so{3)fi part TofT has the curvature Q — 15sKq ca', where as before 



the matrices ca' — (cyi'j) O'T^ given by (2.13). Rs Ricci tensor is Einstein, 

Rij = 30s5ij, and has Ricci scalar equal to 270s. 

+ 

• The characteristic connection F = r + F has curvature 

^ = h. + h = k'^ca + IbsKg'cA' 
and the Ricci tensor with eigenvalues: 

f 30s, 30s, 30s, 50s, 50s, 50s, 50s, 50s, 50s ] 



The examples of nearly integrable SO(3) x SO(3) geometries with torsion of the 
characteristic connection in V[o,6] described by this proposition have quite similar 
features to the nearly integrable SO(3) x SO(3) geometries with torsion in V[o.2]- 

+ 

In particular, if any of these geometries has curvature J7 = then it must be flat, 
and torsion free. 

It turns out however that there is another branch of nearly integrable SO (3) x 
SO (3) geometries with torsion of their characteristic connections in V[o,6] for which 

+ . . ... . . - 

= does not imply neither vanishing torsion nor vanishing of Q. Below we 

present these examples. 
Assuming that 



+ 







is the same as to assum e that ki = k2 = = k4 = kr^ = kg = 0. (Compare with 

the first three equations (6.14 1). But since 17 = is the condition for the connection 

+ . . . . . + 

r to be flat; in such a situation we can use a gauge in which r = 0. This condition 

means that the system (4.6l-(4.7), (6.121 reduces form P to a 12-dimensional Q^^ 
manifold on which 

EE 0" = ^ 0^ 
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Having these conditions and the requirement that T G V[o,6] inipHes, via (6.131 
that all see constants. The rest of the equations d^O^ = imply finally that: 

2m2U4 + 27ilM5 — U^U^ + UlU-l — 
tt3U4 — UiUq + 21*3^6 + 2u2lt7 = 

2uiU2 + 2U2'"3 — 2U4U5 — 3M5U6 ~ U4M7 — 2U6M7 = 

2u\ + 2wiU3 + 2^4 + 4U4U6 + 2u^U7 = 
2-^1^3 + 2^3 + 2U4U6 + 4U5M7 + 2uj = 
2u^ — 2-^3 + 2^4 + 2U4U6 — 2U5U7 — 2^7 = 0. 

We have found 6 different particular solutions to these equations. These are: 
{ui - 27/3)^7 - (2ui - U3)^(mi - 2M3)(iii + U3) + ul^ 
6U4W7 



W2 



(1) 



(2) 



(ui — 2u3)(ui + U3) + — 2^7 — (2ui — ■U3)(ui + M3) — 2u| 

M5 = , ug = 



3u7 3it4 
_M5A/9uf^^^^4uJ _ M3(±3u3 + y9itf^^4tif) 



U2 = T 7, ; -"6 = T 



2u4 2^4 



(3) 8M7 8u7 
Ul = |(-U3 T\J^ul + S,uj), U4 = 0; 

(4) Ml = M3 = U4 = U5 = U7 = 0; 

(5) Ul = -U3, U4 = U5 = U6 = Uf = 0; 

(6) Ul = U3 = U4 = ug = = 0. 

It follows that for all of these 6 solutions we have d^6^ = and dj^ = 0, automat- 
ically for all i = 1, 2, ... 9 and for all A' — 1, 2, 3. Thus each of these 6 solutions 
defines a nearly integrable SO(3) x SO(3) geometry {M^,g,T,uj) having the tor- 

+ + 

sion of the characteristic connection in V[o.6] and the vanishing curvature J7 of r. 
It turns out that all the six solutions have the same qualitative behaviour of the 

LC + 

curvatures of F , T, F and F. The properties of the curvatures of the geometries 
corresponding to these six solutions are summarized in the theorem below. 

Theorem 6.13. All nearly integrable SO(3) x SO(3) geometries {M^,g, T,uj) cor- 
responding to any solution (l)-(6) above have 

+ , , + 



• torsion of the characteristic connection F in V[o.6] C /\' 

• vanishing curvature of the so(3)l part ofV, i.e. £7 = 

• the curvature Q, of the characteristic connection F equal to 
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where ||T||^ is the square norm of the torsion T ofT: 
\\Tf = T.jkT^^^ = 36fc7 = m{2ul + ul + um^ + 2ul + + iu^u^ + ul + u^uj) 

with being constants and satisfying one of (l)-(6). 

All these geometries (M^,g,T,LL>) are locally homogeneous spaces = Q^'^/H, 
where Q^^ is a 12- dimensional symmetry group of {M^,g,T,u!) and H is its 3- 
dimensional subgroup isomorphic to SO(3), H = SO(3)i^. The metric g, the tensor 
T and the form uj defin ing a nearly integrable SO(3) x SO(3) geometry on are 



given by formulae (2.8), in terms of the forms {6'^,j^ = 0,j^ ) satisfying {4-6) 
(^.?), [6.12), (6.14-)-(6.15), and one of (l)-(6), withu^ being constants. 



• In the basis {6'^,^^ ) the Killing form for the group Q^^ reads: 

Kil — — 8 diag^fcy, fcy, fcy, fcr, fcy, fcr, fcy, fcy, fej, 1, 1, 1^ 

• If k7 the Riemannian manifold {M^ = G^'^ /SO{^)r, g) is not locally 
symmetric. If ki = Q the solutions have fiat characteristic connection, 
Q, = Q, and in such a case {M^ — Q^^ /SO{'3)b,, g) is a locally symmetric 
Riemannian manifold. 

LC 

• For every value of kj the metric is Einstein, Ric = Sk^g. It is not confor- 
mally fiat unless the torsion is zero, (ui, U2, . . . , uj) — 0. 

• Also the SO(3)/j part T of the characteristic connection is always Einstein, 
Rij — 2k-!gij. It is fiat, = 0, if and only if k-j — 0. 

LC 

It is a remarkable fact that both the Levi-Civita connection F and the character- 
istic connection T are Einstein and (generically) Ricci non flat for all the geometries 
{M^ , g, T, Lo) described by the theorem. Moreover although the metric g is not con- 
formally flat, the SO(3)l part F of F is flat. This makes these geometries similar 
to the self dual Riemannian geometries in dimension four. 



6.3. Analogs of selfduality; examples with torsion in Vjo,2] © ^[o,6]- The 
examples described by the Theorem |6.13| raise the question if there are other nearly 
integrable SO(3) x SO(3) geometries {M^,g,T, uj) in dimension nine for which the 

so{3)l part F of the characteristic connection F is flat, J7 = 0, and for which the 

so(3)fl part F, is not flat, SI ^ 0. 

In the following the nearly integrable SO(3) x SO(3) geometries {M^ , g,T 

with these two properties, 17 = and SI 7^ 0, will be called analogs of selduality. 

The problem of flnding all such structures is a difficult one. To generalize solu- 
tions of Theorem |6.13l on top of the analogs of selfduality conditions, we will assume 
in addition that the torsion T of the characteristic connection F is restricted from 
to V[Q 2] © ^[0,6]- III this section we will flnd all such structures. 

We flrst have an analog of Propositions |6.8| and Remark |6.2| 
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Proposition 6.14. In an adapted coframe (9^) the V[o,2] © ^0.6] torsion of a char- 
acteristic connection of a nearly integrahle geometry (M^,g, T,a;) reads: 

T' - -tiX^ + <2A!j' + 1^3(54 - 4Ag' + 2Xf)+ 

Mi(-A^' + Aj2') - W2AJ^' - uaAj]' - M4A0' - u^X^' - uqX^' - u^X^' 

t2 = <iA8' - t2X^ + it3(-54 + 4X1' - 2Aj'')+ 

wi(Ao' - Aj^') + U2AJ''' + uaAg' + U4A^' + U5A0' + uqXI' + M7A0' 

t3 = -t.Xj; + <2A^' + Itsi^Ki; - 4Aj' + 2Aj"')+ 

wi(-AJ +AJ°)-u2AJ^ -U3AJ -W4A0 - M5A0 -ugXq -U'jXl 

= -iiAi^' + |t2(-54 - 2A3' + 4Ai2') - f3A6' + 

WlA[i' - WsAg' + M4(-Ai]' + Aj2') + u^AjS' _ j^g;^3' 

wiAi^' + wsAg' + u4(A2' - Aji') - W5AJ4' + ugA^' 

T*^ = -tiAi3' + it2(-54' - 2Ai' + 4Aj"') - t3A^' + 
wiAq' - it2A^' + M4(-Aj' + Aj°') + ugAj^' - MgAj' 

= 1^1(54 + 2A3' + 2Xf') + t2Aj5' - t3A^'- 
W2A[i' + W3A[^' + U5(-Ai]' + Aj2') + ugAj^' - u-jXt 



T« = -i<i(54 + 2A^' + 2Aii') - t2Xl^' + i3A^' + 
M2A0 -W3A0 +M5(Ao - Aq^ ) - weAj^ +U7A0 



10' \ 



i2A, 



13' 



2'^o 



= 1^1 (5kJ +2X1 +2A 
MaAf + W3A0' + M5(-Aj' + Aj°') + u^Xl^ 



taXa 



M7A0 , 



where (ti, t2, t3, Ui, M2, W3, U4, U5, Ug, U7) are f/ie fen independent components of the 
torsion T , and (Aq ), /i' = 1, 2, . . . , 15, is a basis of 2-forms in V[4,2] o,s defined in 
(3.3). Note that if all Uf^s are equal zero the torsion T G ^[0,2]; OLi^d if all Ias are 
equal zero T G V[o,6] • 

We want to construct nearly integrable SO(3) x SO(3) structures with torsion 

i'^ ^[0,2] ffi ^[0,6] 1 with $7 = 0. All of them, in an adapted coframe, are therefore 
described by the system (4.6l-(4.7l, (6.21), with = 0. This enables us to reduce 
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the system from P — >■ to a 12 dimensional subbundle of P on which 



310 



ill 



ll2 



0. 



The procedure of analysing such a reduced system is completely the same as the 
procedure leading to solutions described by the Theorem |6.13| We therefore only 
state the result. 

Theorem 6.15. All nearly integrable SO(3) x SO(3) geometries {M^,g,T,uj), 

which have torsion T of the characteristic connection T in V[o,2] © ^[0,6]; the 

+ + + 

curvature Q of the S0{3)L-part TofT vanishing, f2 = 0, correspond to the system 

(J^-ll^, (jjl^, with 



3l2 



0, 



0, 



and constant torsion coefficients (<i, t2, ^3, Ui, M2j W3, M4, U5, ugj U7) satisfying the 
following algebraic equations: 

2M2U4 + 2uiU5 — U3U5 + uiUj+ 

t2U2 + tlU3 - tgUg - t^Uj - tits = 

U3U4 — UiUq + 2u3Wg + 2u2Uj — 

t2Ui ~ tiU2 - t^Ui - t^UQ + ^2^3 = 



(6.22) 



2miU2 + 2W2U3 — 2U4W5 — 37/51*6 ~ U4U7 — 2uqUj + 
hU2 + t2U5 - tiUQ - tit2 = 

2ui + 2uiU3 + 2u| + AU4UQ + 2U5U7-- 

2tiui — t^ui — 2i3U3 + t2U4 — tiu^ + 2t2UQ + tf ~ t'^ = 



2uiU3 + 2u\ + 2u4Ug + 4U5U7 + 2M7 — 

2^3^! — i3U3 + 2t2U4 — 2tiU^ + t2UQ — tiUj 



4-4 = 



2u\ 



2ul 



2ui 



2u4Uq — 2U5U7 — 2uj+ 



hUi - ^3^3 - t2U4 + <iU5 + ^2^6 " tlUj + t\ - t\ = Q. 



If these equations are satisfied the metric g, the tensor T and the 4^-form uj are 
obtained in terms of the form,s (9^) via formulae (2.8). They descend from the 12- 
dimensional subbundle P^^ _j. j\^9 ^/jg y^^g^ bundle SO(3) x SO(3) P ^ A'P 
to due to the structure equations (4-. 6). 

If the equations (6.22) for the constants (ii, i2, ^3, Wi, W2, M3, M4, U5, Ue, M7) are 
satisfied, then all the integrab ility c ondi on s d^0' = and d'j^ = 0, for all 9'^s and 
7"* s appearing in the system (4-.6)-(4-.^l), (6.21) are automatically satisfied. 

The manifold P^^ is locally a 12-dimensional symmetry group P^^ = Q^^ of the 
so obtained {M^,g,T,Lu), and is a homogeneous space = Q^"^/!!, where 
H = SO(3)i^ is a subgroup of Q^^ . 

The curvatures are given by 



.A' 



( UTr-'i(4 + 4 + 4)) 4\ A' = 1,2,3, 
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where 



6(4uf + 6ul + 2uiU3 + iuj + iul + 6115 + 6U4U6 + Quj + 6U5W7 + 4u^) 
+90(^2+^1 + ^1), 



with constants (ii, i2, ^3, ui, U2, U3, 1*4, U5, Me, uy) fulfilling equations (6.22) 



The torsion T of the characteristic connection generically seats in Vjo2,] © ^[0,6] • 
It is in V[Q^2] iff iui,U2,U3,U4,U5,UG,U7) = 0, and in V[o^g] iff{tiMM) = ^- The 
square of the torsion is \\Tf as above. 

The curvature QofT has vanishing so(3)l part, il = 0, and is equal to: 



n^n = { iJTr-fitl + tl + tl) 



Kq Cj^I 



The Ricci tensor of the curvature CI of the characteristic connection, and what is 
the same, the Ricci tensor of the curvature ft of its so{5)ii-part is Einstein, 



Rij — 2 



36 I 



T\?- 



The metric g is Einstein if and only if ti = ^2 = ^3 = 0. In such a case the nearly 
integrable structures coincide with those described in Theorem \6.13\ 

Generically the solutions described by this theorem have 57 7^ 0, and as such 
constitute analogs of selfduality. 

Remark 6.16. Note that although (ti,i2,i3) — gives all the solutions described in 
Theorem 6.13 the assumption (ui, U2, M3, W4, 1*5, ug, Uf) — does not recover all the 

solutions with T G Vjo.2]- The reason for this is that here we additionally assumed 

+ 

that = 0, and such solutions are possible for T g V[o,2] only if T = 0. Nonetheless 
the solutions in this section are nontrivial generalizations to T e ^[0,2] ® ^[0,6] of 
solutions from Theorem 16.71 and 16.131 



Remark 6.17. We emphasize that the system of equations (6.221 for the constants 



(^1, ^2, ^3, wi, M2, W3, U4, U5, ue, M7) can be solved explicitly to the very end. For ex- 
ample, an application of a Mathematica command Solve [] to the system (6.221 



immediately gives 13 different solutions of these equations. The obtained formu- 
lae are not particularly illuminating. For example a generalization to the case of 



T G V[o.2] ® y[o,6] of the solution (1) from Section 6.2 is given by: 

U2 = (^{2{t3+Ui - 2m3)u? + 

(is - 2ui + U3){-2tl + {ts + ui~ 2u3){t3 + 2{ui + U3)) ~ 3t2U4 

3ti{t3 + Ui- 2U3)U7 ~ 2t\{t3 +Ui- 2U3))) X (Z{t2 + 2u4)(2m7 - 



2ul) 



U5 



(t3 + Ml - 2u3){t3 + 2{UI +U3))- {2t2 - Ui){t2 + 2m4) - 4Mf + tj 

3(2u7 - ti) 



2u3(u3 - ui) - 4:{ul + ul) - {ti - 2ur){2ti + ur) + tl+tl + 3t3U3 

3(2u4 + 12) ■ 



It is a matter of cheking that this becomes a solution (1) from Section 6.2 in the 
limit ti -J> 0, t2 ^ 0, t3 0. 



ANALOG OF SELFDUALITY IN DIMENSION NINE 



43 



A solution of (6.22) which has no hmit when ti — >■ 0, ^2 ^ 0, ^3 — > is given 
below: 

3tit2 - 8t2U5 + StiUQ + 12u5Ue ^ ,^ 

■"2 = , Ui^U3=t3, U4 = -^t2, 1*7=2^1- 

Remark 6.18. It is remarkable that we have obtained analogs of selfduality with 
high number of symmetries. We did not assume any symmetry conditions. The 

homogeneity of the structures obtained were implied by the merely requirements 

+ 

that = and T G ^[0,2] © ^0,6] ■ It would be very interesting to find analogs of 
selfduality which are not locally homogeneous. If such solutions may exist is an 
open question. 
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